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Abstract In this paper, we study the density of the solution to a class of stochastic functional differential equations driven
by fractional Brownian motion. Based on the techniques of Malliavin calculus, we prove the smoothness and establish upper
and lower Gaussian estimates for the density.
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1. Introduction

In the last decade, Gaussian density estimates for the solutions of various stochastic equations have been intensively
studied. Particularly, the class of stochastic equations with fractional noise has been discussed by several authors,
see [1, 2, 4, 8] and references therein.

We recall that fractional Brownian motion (fBm) of Hurst parameter H € (0, 1) is a centered Gaussian process
B = (Bf!);er, with covariance function

1
Ry(t,s) = E[Bf BH] = i(tzH + 520 |t — s2H),

For H > %, Bf! admits the so-called Volterra representation

t

Bl = /KH(us)st, (D)
0

where (B;);c, is a standard Brownian motion, the kernel K is defined by

¢
Ky(t,s) = CHsl/Q_H/(u - s)H_%uH_%du, s<t

S

H(2H—1)

with Cy = FE I A=1/3)

where [ is the Beta function.
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NGUYEN VAN TAN 823
In this paper, we consider stochastic functional differential equations of the form

t 0 t
Xe =)+ [ | [ p(w)g(Xrs)du + als, Xo) | ds + [ o(s, X)dB, ¢ €[0,T], @
0 |—r 0

Xt = W(t)7 te [—T, 0]7

where r > 0 is delay time, the kernel p and initial condition 7 are deterministic functions on [—r, 0]. The stochastic
integral is interpreted as a pathwise Riemann-Stieltjes integral, which has been frequently used in the studies related
to fBm. We refer the reader to [12] for a detailed presentation of this integral.

The density of solutions to the equation (2) has been discussed in some special cases. When H = %, BH reduces
to standard Brownian motion and in this case, the existence and smoothness of the probability density of solutions
were proved by Takeuchi in [11]. When H > %, Gaussian density estimates were obtained by Dung et al. in [6] for
the equation (2) with g = 0. However, the case of g # 0 has not investigated yet. Thus, in the present paper, our
aim is to establish analogue results for the equation (2) with g # 0 and H > 1. More specifically, we obtain the
following properties:

(i) the existence and Gaussian estimates for the density of solutions,

(i1) the smoothness of the density of solutions.

It should be noted that the information about the density will be very useful in practical studies, see e.g. [7]. Ina
spirit close to [6, 11], the main tools of this paper are the techniques of Malliavin calculus. However, we would like
to emphasize that the complexity of stochastic integrals with respect to fBm and the appearance of delayed integral
term in (2) require a fine analysis for proving the properties (i) and (ii). The rest of this article is organized as
follows. In Section 2, we recall some fundamental concepts of Malliavin calculus and a general Gaussian estimate
for the density of Malliavin differentiable random variables. The main results of the paper are stated and proved in
Section 3. The conclusion is given in Section 4.

2. Preliminaries

Let us recall some elements of Malliavin calculus with respect to Brownian motion B, where B is used to present
BH as in (1) (for more details see [9]). We suppose that (Bt)tefo,r) is defined on a complete probability space
(Q, F,F, P), where F = (F;);c[0,7) is a natural filtration generated by the Brownian motion B. For h € L?[0,T],
we denote by B(h) the Wiener integral

T
B(h) = /h(t)dBt.
0

Let S denote the dense subset of L2(€2, F, P) consisting of smooth random variables of the form
where n € N, f € C°("), h1, ..., hy, € L?[0,T]. If F has the form (3), we define its Malliavin derivative as the
process DF := {D.F,t € [0,T]} given by
DF =3 2L (B(hn). o Blh) (0
p 8xk

More generally, we can define the kth order derivative D*F' by iterating the derivative operator k times, i.e.
7777 t, ' = Dy,,...Dy, F. For any integer k and any p > 1, we denote by D¥P the closure of S with respect to
the norm

T T T
I, == EFP+E{/|DU1F|Pdu1} +E[/.../|D§1,__47ukF|pdu1....duk .
0 0 0
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824 SMOOTHNESS & GAUSSIAN DENSITY ESTIMATES

A random variable F is said to be Malliavin differentiable if it belongs to D2,

In order to obtain Gaussian density estimates for solutions to the equation (2), we will use a general criterion
established recently by Nourdin and Viens in [10]. We recall here [6, Theorem 2.4] for a convenient version which
can be of interest for the readers who are not used to working with the Ornstein-Uhlenbeck operator.

Proposition 1
Let F be in D!'2 with mean zero. If there exist positive constants ¢, C such that, for all z €, almost surely

T
c< /DTFE[DTF\]-}]dr <c,
0

then the density pr of F exists and satisfies, for almost all = €

EIF| (-2 < ()<E‘F‘e _e 4)
oc TP\ T ) PP =TSP e )

3. The main results

In the whole this section, we consider the equation (2) with the following fundamental assumptions. Note that the
conditions on a and ¢ are similar to that required in Section 5 of [6].

(A1) The coefficients a,g,0 € C;’l([O,T]x), and there exists a constant m > 0 so that |o(¢,z)| > m, for all
(t,x) € [0,T]x.

(A2) The kernel p : [0,T] — satisfies:
T

[ 1ds < .

0

Let us first give a short discussion about the existence and uniqueness of solutions. We denote by C;’l ([0,T]x) the
space of bounded functions f : [0,7] x R — R with bounded partial derivatives of the first order and we write
9f(s, ) 0f(s, )

f{(svx):Ta fé(s,x):T.

We define the function

x

1

F(t,z) := / mdu, (t,z) € [0,T] x R.
0

For (t,z) € [0,T] x R, consider the function ®(¢,z):= F(t,z) —z, where x € R is fixed. Since ®,(t,2) =

o(t,z)~1 # 0, by the Implicit Function Theorem, there exists a function G(t,z) such as ®(t,G(t,z)) = 0, i.e.

F(t,G(t,x)) = x. Moreover, we have

x

) ot P A
Fi(t,2) = o(t,z)"" and Fi(t,2) O/(J(t,u))2d’
GIQ(tax) = (FQI( ) 7Et’$)))71 - U(t,é(t,l’)), ()
Gilt.) = ~ P = ~Fi(t.G(t. )0, Git.) ©

Set G(t, x) defined by
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NGUYEN VAN TAN 825

We consider stochastic functional differential equation with additive noise

t s

Yt=y0+/ A(&K)"‘M/P

0 s—r

(u—$)g(u,G(u,Y,))du | ds+ Bf, ©)

where yo := F(0,x0), and A(y, s) = F|(s,G(s,y)) + %

It was already pointed out in [6] that A(y,s) is Lipschitz and has linear growth. On the other hand, under
Assumptions (A;) and (Asz), we can check that the functions m and g(s,G(s,y)) are also Lipschitz and
have linear growth. Hence, by repeating the computations presented in the proof of Proposition 3.1 in [3], we can
infer that the equation (7) admits a unique strong solution (Y3);co,77-

Based on the properties of (Y;)c[o,77, we have the following propositions.

Proposition 2

Let Assumptions (A;) and (Az) hold. Then, the equation (2) has a unique strong solution given by X; =
G(t,Y:), —r <t <T. This solution is an F;-adapted process and, for all ¢ € (0, H), whose trajectories are Holder
continuous of order H — ¢ on [0, T'.

Proof
The proof is similar to that of Lemma 5.1 in [6]. So we omit it. ]

Proposition 3
Under the Assumptions (A;) and (Az), the unique strong solution (X¢);e[—, 7] to the equation (2) is Malliavin
differentiable and satisfies Dy X; =0 forf > tort € [—r,0],and forall0 < § <t < T,

t t s
1
Do Xy = o(t, Xy) /N(S,XS)Dngds—l—/U(sX) /p(u—s)gé(u,Xu)DgXududS—i—KH(t,H) , (8
% [ e s—r
where
o1(s, Xs)  oh(s, Xs) /s ab(s, Xs)o(s, Xs) — a(s, Xs)oh(s, X)
N Xs — 1 ) o 2 9 o Xu d 2 9 ) ) 2 ) )
(57 ) 0'2(8,XS) 0'2(8,XS) p(u S)g(ua ) U+ UQ(S,XS)
Proof

Let (Y:):eqo, 77 be the unique strong solution to (7). By using the same argument as in the proof of Lemma 5.3 in
[6], we have Y; € D2 and its Malliavin derivative is given by

t
DyY; = 1[07,5} (9) (/ M(S, Y;)Dg}/;ds + KH(t, 9)
7

t 1 s
+ | ——— | p(u—35)g5(u,G(u,Yy))o(u, G(u, Yu))DgYududs> ,0<t<T, (9
9/ o(s, G(S,YS))S_/T
where
M(s,Ys) := _0011((:75((38,3%)))) — irlz(f’g((:}%)))) / p(u— 8)g(u, G(u, Yy,))du

n a/z(Sv(G(S»K))U(Sa G(s,Ys)) —a(s, G(s,Ys))os(s, G(s, )
o(s,G(s,Ys))
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826 SMOOTHNESS & GAUSSIAN DENSITY ESTIMATES

From the relation X; = G(¢,Y;) and the chain rule of Malliavin derivatives (see Proposition 1.2.3 in [9]), we have
X; € D2, and
Do Xy = G4(t,Y;)DgY; = o(t, X;) Do, 0<6<t<T. (10)

This, combined with (9), gives us (8). So the proof of Proposition is complete. O
From now on, we will use the symbol C' to denote a generic constant, whose value may change from one line to
another.

Proposition 4
Let (X¢);e[—r1) be the solution to the equation (2). Assume that (A;), (A2) hold. Then there exists a finite constant
C > 0 such that:

|DoX:| < CKy(t,0), a.s.

forall0 <9 <t<T.
Proof
From (9), (A1), (As) and the boundedness of A(t,Y;) , we have
t t
[DoYi| < /|M(57Ys)||D9Ys|dS+C/|D9Ys|d8+KH(t79)
0 0

t
SC/|D9YS\ds+KH(t,9), forall0 <6 <t <T. 11
0

An application of Gronwall’s inequality now gives that
t t
|DoY:| < K (t,0) + C/KH(S,G) exp{C(t — s)}ds < Ky (t,0) + C/KH(S,Q)ds.
0 0
Since 01 Ky (t,0) > 0, we have

|DoY:| < Ky (t,0)+C(t —0)Ky(t,0) < CKg(t,0). (12)

From (10), (12) and the boundedness of o (¢, ), we have
| Do Xi| < Clo(t, X¢)|Kp(t,0) < CKy(t,0), forall0 <6 <t<T. (13)
O

Proposition 5
Let (X¢);e[—r1) be the solution to the equation (2). Assume that (A;), (A2) hold. Then there exists a finite constant
¢ > 0 such that

t
/DgXtE[DgXt\]-'e]de > ct? aus
0

forall ¢ € (0,T].

Proof
It follows from (9) that (DgY}):[g,1) solves the following ordinary differential equation

dDgY,

t

1
o(t,G(5,Y2)) / P

t—r

= | M(t,Y:)DyY; + (s —t)gh(s,G(s,Yy))o(s,G(5,Ys))DgYsds | dt + 01 K (t,0)dt,
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NGUYEN VAN TAN 827

with the initial condition DyY;|;—g =0, where 0, Kp(t,0) = 6‘](%7(1&9) By the Comparison Theorem and

O Ky(t,6) >0, it is easy that DygY; > 0. So we have that Dy X; > 0 when o(¢t,z) > 0 and DpX; < 0 when
o(t,z) < 0.Hence, forall0 <6 <t <T,

DgXtE[DgXtLFg} Z 0 a.s.

Define

h(t) = / DgXtE[DgXt|f9]d9 = / a(t,Xt)DthE[a(t,Xt)Dth|J-"9]d6, O<e S 1.
(1—e)t (1—e)t

From the equation (9), we have
Dg}Q:U(t,O)+KH(t,0), 0 <t.

where

¢ ¢ s
/M 5,Ys)DyYyds + / m / p(u — s)g5(u, G(u, Yy))o(u, G(u, Y,))DeYyduds
0 0 sor
Thus we can rewrite h(t) as follows
t t
o(t, X)U(t,0)Elo(t, X)U(t,0)| Fo]do + / o(t, Xp)U(t,0)E[o(t, X:) K (t,0)|Fe]do

(1—e)t (1—e)t
t t

+ / o(t,Xe)Kp(t,0)Elo(t, Xy)U(t, 0)|Fo]dl + / o(t,Xe)Kp(t,0)Elo(t, X)) Kp(t,0)|Fe)dd

(1—e)t (1—e)t

h(t)

From (12) and 0, K (¢,0) > 0
|U(t,0)| < C’/KH(S,Q)ds < CKy(t,0)(t—0), 06<t. (14)

On the other hand, for all 0 < s < ¢, we have

s 2

t
E|BY — BH? =E /[KH(t, u) — K (s,u)]dB, + /KH(t,u)dBu

0

s 2 t 2

=F [Ku(t,u) — Kg(s,u)ldB, | +FE Ky (t,u)dBy
f j

>F /KHtu /KHtu

Using the fact that E|Bf — BH |2 = |t — s|?H | we deduce

/K?,(t,u)dug It — s, 0<s <t (15)

Stat., Optim. Inf. Comput. Vol. 8, December 2020



828 SMOOTHNESS & GAUSSIAN DENSITY ESTIMATES

From (14) and (15), we can get the following estimates
t t
’ / o(t, X)U(t,0)Elo(t, Xo) Ku(t, 0)|]-"9]d9‘ <cC / (t — O)K2(t,0)d0

(1—e)t (1—e)t
t

< C(et) / K% (t,0)do
(1—e)t
< Clet)(et)? = C(et)?HH,

\ / a(t,Xt)KH(t,G)E[a(t,Xt)U(t,H)\]-"g]M’SC(et)ZH“,

(1—e)t

’/a(t,Xt)U(t,H)E[a(t,Xt)U(t,9)|}'g]d9‘SC’ / (t— 0)2K (1, 0)dd

(1-e)t (1—e)t

t
< C(et)? / K% (t,0)d0 = C(et)*+2,

(1—e)t

From the definition of K (t,r), for all 0 < r < ¢, we deduce

CH
H—

t
Ky(t,r) > Cy /(u—r)Hﬁ%du = (t—r)Hi%

1
2

So, for all 0 < s < ¢, we have

_ 1 ([ Cu Q(t_ )21
2H \H — 1
= Cp(t =)™,
2
where C; = 757 (HC_Hl) . Making use of the elementary inequality |a + b| > |a| — |b| yields
2

h(t) > . / o(t, X) Ky (t,0)E[o(t, X,) K (t,0)|Fsldo|—2C (et)> 1+ — C(et)*H+2
(1—e)t
> (et)?? (Clym? — 20 (et) — C(et)?) .

Now we choose ¢ € (0, 1] such that

/ 2
C(eT)? +20(eT) < SH™

(16)

Stat., Optim. Inf. Comput. Vol. 8, December 2020



NGUYEN VAN TAN 829

Then, we get

/ 2
h(t) > Crm

(et)?H .= ct?H,

So we can finish the proof of Proposition because

t
/ Dy X,E[DyX|Fo]df > h(t).
0

We now are ready to formulate and prove the main results of this paper.

Theorem 1
Asume that (A4;) and (A2) hold and let (X;);c[—r,1) be the unique strong solution to the equation (2). Then, for
each t € (0,71, the density px, exists and satisfies the bounds for all z € R

17
2Ct2H 2ct?H 2ct?H 20t2H 17

E|X; - EX — EX;)? E|X; - EX — EX;)?
| X: t|ex <_(33 t) >prt(x)§ | X: t|eX <_($ t) )
where ¢, C are finite positive constants.
Proof

For each ¢ € (0, 7], we consider the random variable F' := X; — EX;. Clearly, F' has mean zero and is Malliavin
differentiable with Dy F' = Dy X;. Hence, by Propositions 4 and 5, we can get

T t
0 <ct?f < /DgFE[D9F|}'9}d9 = /DeXtE[DeXtU-'g]d@ < Ct?H,
0 0

where c, C are some finite positive constants. In view of Proposition 1, we can conclude that the density pr of the
random variable F’ exits and satisfies

E|F] x? E|F] x?
s P\ g | S Pr(0) S g oam o g | e R,
which gives us (17) because px, (v) = pr(z — EX}). O

Theorem 2

Suppose the Assumptions (A1) and (Az). Let (Xt);e[—r 7] be the solution to the equation (2). In addition, we
assume that a, g and o are infinitely differentiable functions in & with bounded derivatives of all orders. Then, for
each t € (0, T}, the random variable X; has an infinitely differentiable density with respect to Lebesgue measure
on R.

Proof
Fix t € (0, T], thanks to Theorem 2.1.4 in [9], we have to check the following properties

(@ X; eD>* = (N D,

i>1p>1

(b) (bi|D9Xt|2d9> B € N Lr(Q).

p>1

Stat., Optim. Inf. Comput. Vol. 8, December 2020



830 SMOOTHNESS & GAUSSIAN DENSITY ESTIMATES

It is easy to verify that the coefficients of the equation (7) are infinitely differentiable in y with bounded derivatives
of all orders. Hence, we can infer that Y; € D>°. So X; does. Let us now check the property (b).
By Proposition 3, we have

S

t
DoX; = o(t, Xy) /N(S,XS)Dngder/(lX) / p(u — 8)gh(u, X)) Do X yduds + K (t,0)
o8, As

Hence,
t
/ | Do X, |*df
0
t t t s 2
1
z/ o(t, X) /N(S,Xs)DngdS—F/(sX,) / p(u — 8)gh(u, Xy ) Dy Xyduds + K (t,0) de.
g ) S
0 6 6 s—r
4 r 1 Cu 2 I 4 2
For each y > yq : W where Cy = 57 <H %) the real number ¢ := W belongs to
az

(0,1]. Using the fundamental inequality (a + b + ¢)? > % — 2(b* + ¢?) and (16) we obtain

t t t t 2
2 2
/|D9Xt|2d82 / 7 (t’Xt)QKH(t’Q)da—z / olt, Xt)/N(s,Xs)Dngds do
0

0 t(l—e) t(l—e)

2

i s
-2 / o(t, Xt) / / p(u — 8)gh(u, X,,) Do X duds | db,
o
t(l—e) 0 s—fr
O m?(et)?H
> 4411‘4‘2;444447 __‘[y(t)
2
=——1,(t),
; u(t)
where
. 2
I,(t) =2 o(t, Xy) /N 8, Xs)DpXsds | db
t(l—e) 0

—|—2/ tXt/ / p(u — s)gh(u, X)) Do X yduds | df
o

t(l—e)

S
w
|
3

By Markov’s inequality, we have
1
) —p <Iy(t) > y) < y??E <|Iy(t)|p/2> Vp>2.  (18)

Stat., Optim. Inf. Comput. Vol. 8, December 2020



NGUYEN VAN TAN 831

Under the assumptions (A;), (Az) and the inequality (|a| + [b])?/? < 2°P/2~1(|a|P/? 4 |b|P/?) , we can get

t t
2
E|Iy(t)|p/2 :2”/2E( / (a(t,Xt)/N(s,Xs)DeXsds) do
t(l—e) 0
p o 2 p/2
+ / < (t, X¢) / / (u—s)gé(u,Xu)DgXuducLs) d9>
o
t(1—¢) 0 sfr
p/2
¢ 2

<2 lp / (o(t,Xt)/N(s,Xs)Dngds> a6

t(l—e) 0

t 1 s 2 p/2

+or-lp (a (t Xt)/a(s,Xs) /p(u—s)gé(u,Xu)DgXududs> dé

t(1— 0 s—r

: p/2 T 2\ p/2
<or-lp C / /DgX ds) > + <C’ / <//p(us)DgXududs> d9>
t(l—e) 0 t(l—e) 0 s—r
p/ P 2\ p/2

<CFE < / /\D9X8| dsdﬁ) +< / <//pu—s Dy X, duds) d0> ,

t(l—e) 0 t(l—e) 6 s—r

where C' is some positive constant. By using Holder’s inequality we obtain

S

t t s 9
(/ / uU—S DgXududs> / < / lp(u —s DgXu|du) ds
(% 6

S—r S—T

T/(/ |pu—s>|du)</s |p<u—s>|DaXu|2du)ds

0 s—r

IA

t

0
T(/|p |du> /|D9Xu|2du

IN

So it holds that

p/2

t
<CE / /\D9X8|2dsd0 Vp>2.
t(l—e) 0

E|1,(1)

NS

Stat., Optim. Inf. Comput. Vol. 8, December 2020



832 SMOOTHNESS & GAUSSIAN DENSITY ESTIMATES

Using Proposition 4 and (15), we can verify that

. P/2 . p/2
E|L,(t)|P? < CE / / K%(s,0)dsdf =CE / / K%(s,0)dsdf
t(1—e) 6 t(1—e) 0
. s p/2 . p/2
=CFE / K% (s,0)d0ds <CE / (s —t(1 —¢))*ds
t(1—e) t(1—e) t(1—¢)
C’ 4 P(ZEI+1) p(ZE;rl)
=—— (et)yPCHII2 — o[ ——— =C|—=5 Vp>2.
2H +1 (t) yClym? ym?2 p=
From (18) and (19), we deduce
t 4 p(2H+1)
1 4H
P ‘/|Dw&Pd9§ SCWM2(2> Vp>2.
Y ym

0

Now for any a > 1 and p > 4H o, we have the following estimates

t - oo t
1
E /\DgXt|2d9 :/ay“_lP /|D9Xt\2d9§ — | dy
y
0 0 0
Yo [e’e) t 1
< /ayo‘*ldy+/ay°‘71P /|D9Xt|2d9< — | dy
0 Yo 0 Y
oo p(2H+1)
4 4H
<ys +0<C/y“‘1yp/2 <2> dy
ym
Yo
4 PCHAD o _p
m 10 — (6%

Recalling yo = , we conclude that

O}{tQHTTLZ
t —Q

E /|D9Xt|2d9 <oo Va>l.

0

So the property (b) is proved. This finishes the proof of Theorem.

4. Conclusion

19)

In this paper, we employed the techniques of Malliavin calculus to obtain smoothness and Gaussian density
estimates for solutions to a fundamental class of stochastic functional differential equations with fractional noise.
Our results develop further the studies initated in [6, 11] and hence, our work partly enriches the knowledge of the

theory of stochastic functional differential equations.
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