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Introduction

In this paper, we apply entropy methods to studying sample paths of stochastic processes X (t), t € T, where T
is a parameter set, belonging to Orlicz spaces of random variables. Recall that the entropy approach requires to
evaluate entropy characteristics of the set 7" with respect to particular metrics generated by the underlying process
X. Then one can express assumptions on X to be sample bounded, or to be sample continuous, or to have other
properties, in terms of the so-called entropy integrals.

The origins of this approach can be traced back to the paper by Dudley [7], where sufficient conditions for
the boundedness of Gaussian processes were based on the corresponding entropy integrals. Ideas from [7] were
extended by Fernique in [9] and Ledoux and Talagrand in [16] using the majorising measures methods. Further
studies by the mentioned authors and numerous other researchers resulted in a rich and well-developed theory
providing tools for bounding Gaussian and related processes and treatment of other properties of their sample
paths. A thorough presentation of these topics can be found, for example, in the classical monographs [1], [8], [17],
[21], [22], see also references therein. We mention also the detailed account of conditions of regularity of sample
paths of Gaussian processes given in [2, Section 3]. The questions of applicability of entropy based methods for
more general classes of processes were treated by Buldygin and Kozachenko [4]. Section 2 in [4] is devoted to
the full investigation of sample paths properties for stochastic processes taking values in Orlicz spaces of random
variables. More specific attention is paid to a subclass of processes from Orlicz spaces of exponential type, which
are called p-sub-Gaussian processes and go beyond the Gaussian and sub-Gaussian ones.
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In this paper, our interest is focused on the case where the parameter set 7" is unbounded. We investigate which
conditions are required in order for the process X to be sample bounded and sample continuous. We also obtain
bounds for the distribution of the supremum of such processes. Note that the previous studies in [4, Chapter 3], [5],
[12], [13], [15] considered these questions for processes defined on compact sets.

We cite some publications related to our approach. In [12], [13], the rate of growth of processes from Orlicz
spaces over unbounded domains was studied and applied to wavelet expansions of such processes. Papers [6],
[10] stated results on asymptotic bounds with probability 1 for the rate of growth of Gaussian processes defined on
unbounded domains. These results were applied to problems of statistical estimation of models involving fractional
Brownian motion. In [14] similar results for ¢-sub-Gaussian processes were obtained. In [11], the rate of growth
was evaluated for the solutions to higher-order heat-type equations with p-sub-Gaussian initial conditions.

Our study of conditions for sample boundedness and sample continuity with probability 1 for stochastic
processes is partially motivated by aplications to the study of Cauchy problems for partial differential equations
with random initial conditions. Indeed, suppose we have properties of sample paths with probability 1 for a
stochastic process taken as initial condition. If these properties correspond to those needed in nonrandom case,
then we can apply the standard theory to study solutions of partial differential equations with such random
initial condition. This is one of the possible approaches in the treatment of Cauchy problems with random initial
conditions.

The structure of the paper is as follows. In Section 1 we present basic facts and definitions on Orlicz spaces of
random variables and processes. In Section 2 we review the results on boundedness, continuity and the distribution
of suprema of Orlicz processes defined on compact sets. On the base of the results of Section 2 we obtain the
corresponding results for the processes defined on an unbounded domain in Section 3. Having stated the conditions
of sample boundedness and continuity with probability 1 for Orlicz processes, we can use such processes to
construct the models of processes related to some partial differential equations. Possible applications in this
direction are discussed in Section 4. In Section 5, we present examples of the processes, which satisfy the conditions
of theorems stated in Section 3.

1. Orlicz spaces of random variables and processes. Basic definitions

We present here some basic facts from the theory of Orlicz random variables and processes following the exposition
in book [4, Chapter 2].

Definition 1.1. A continuous symmetric function U = (U(z),z € R), is called a C-function if U(x) is monotone
increasing for x > 0 and U (0) = 0.

Definition 1.2. We say that a C-function U satisfies the g-condition if there exist constants zy > 0, K > 0, and
A > 0 such that the inequality
U(x)U(y) < AU(Kzy)

holds for all x > zy, y > 2.

Example 1.3. The following functions are C-functions satisfying the g-condition:

1) Fora > 0and a > 1, the function U (z) = a|z|*, x € R, satisfies the g-condition with K’ = 1, A = a, and zy = 0;
2) For ¢ >0, a >0 and « > 1, the function U(z) = c(exp{alz|*} — 1),z € R, satisfies the g-condition with
K =1,A=c, and 2z, = 2"/,

3) For ¢ > 0, the function U (z) = c(exp{¢(z)} — 1),z € R, where ¢(z), = € R, is an arbitrary C-function, satisfies
the g-condition with K =1, A = ¢, and zy = 2.

Definition 1.4. Let (2, F, P) be a probability space, U be an arbitrary C-function. The Orlicz space of random
variables Ly (€2) is defined as the family of random variables where for each £ € Ly;(£2) there exists a constant
r¢ > 0 such that
EU <£) < 00.
re
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724 SAMPLE PATHS PROPERTIES OF STOCHASTIC PROCESSES FROM ORLICZ SPACES

The Orlicz space Ly () is a Banach space with the norm

€]l = inf{r >0 EU(f) < 1}

-
which is called the Luzemburg norm.

Example 1.5. Suppose that U (z) = |z|?, € R, p > 1. Then Ly () is the space L,,(2), and the Luxemburg norm
|¢]lo coincides with the norm ||€||, = [E|¢[P]/P.

The most useful property of Orlicz random variables is the estimate for their tail probabilities stated in the next
lemma (see, [4, Lemma 2.3.1]).

Lemma 1.6. Assume that U is an arbitrary C-function and take & € Ly () satisfying ||€||u # 0. Then for allx > 0

P{l¢| > 2} < <U(||;|)|U)>_

Note: Here and in what follows we write (U(-)) ! for ﬁ and the notation U (1) (-) stands for the inverse function
to U(-).

Definition 1.7. A stochastic process X (t), t € T, is called an Orlicz process belonging to the space Ly () if, for
all t € T, the random variables X (¢) belong to Ly (Q2).
The following notion is important for studying properties of sample paths of Orlicz processes.

Definition 1.8. A monotone non decreasing sequence of positive numbers (xy(n),n € N) is called the M-
characteristic (majorant characteristic) of an Orlicz space if for any n € N and & € Ly(Q),k=1,...,n, the
following inequality holds:

[max. €k |

<xv(n) Jmax. 1€kl

Definition 1.8 enables us to control an Orlicz norm of the maximum of a family of random variables belonging to
an Orlicz space by means of the M -characteristic of this space and using information (for example, upper bounds)
on individual Orlicz norms of the members of this family of random variables.

For a function U satisfying the g-condition, Lemma 1.9 expresses the M -characteristic of the space Ly (Q2) in a
form that is convenient for applications.

Lemma 1.9. Assume that a function U satisfies the g-condition and U=V is the inverse function to U. Take zy > 0,
A > 0and K > 0 appearing in Definition 1.2. Set

Cuy = K(1 4+ U(zp) max(1, A)). (1.1)
and define a sequence (xy(n),n € N) in the following way:

[ CyUSY(n), ifn>Ulz);
xv(n) = { n’U ifn < U(zg)

Then (xu(n),n € N) is the M-characteristic of the space Ly ().

As we can see, for a function U satisfying the g-condition, the Orlicz norm of the maximum of n variables
behaves as U~ (n), n € N.

Example 1.10. If U(x) = |z|?, x € R, for some p > 1, then xy(n) = nt/?, n e N.
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2. Sample paths properties of Orlicz processes defined on a compact

In this section, we review some results for Orlicz processes which will be used to state the results in Section 3.

Let X = {X(t);¢t € T} be an Orlicz stochastic process, (T, p) be a metric (pseudometric) space. Recall that a
function p : T x T — [0, o0) is a pseudometric on 7' if it satisfies all properties of a metric but with one exception:
if p(t, s) = 0, then not necessarily ¢t = s.

Let N(u) = N p(T, u), u > 0, be the metric massiveness of the set 7" with respect to the pseudometric p, that is,
the smallest number of closed balls of a radius at most equal to © necessary to cover 7.

The notions of the metric massiveness N (u), u > 0, or the metric entropy H (u) := In N (u), u > 0, are useful
for describing the properties of sample paths of the process X.

Entropy methods enable us to study whether a process belonging to an Orlicz space Ly (£2) is sample bounded
and sample continuous. The distribution of the supremum of a process in this space can be expressed in terms of
the so-called entropy integrals involving the metric massiveness [V and the M-characteristic xy of the underlying
Orlicz space.

The most general bound for the norm of the supremum of a process belonging to an Orlicz space Ly (€2), which
entails also an estimate for the distribution of the supremum itself, was stated in book [4, Theorem 3.3.2]. In [12]
this result was specified under an additional condition on the process increments.

Theorem 2.1 ([12], Theorem 2.2). Let (T, p) be a compact metric (pseudometric) space and denote by N the metric
massiveness of (T, p). Let X = {X (t);t € T} be a separable stochastic process from an Orlicz space Ly (Q)) and

sup | X (t) = X(s)llv < o(h), 2.1)

p(t,s)<h

where 0 = {o(h),0 < h <sup, scr p(t, s)} is @ monotonically increasing continuous function and o(0) = 0.
Suppose that for some € > 0

/ ) xu (N (oY (w)))du < oo, (2.2)
0

where the function (=) (u) is the inverse of the function o (u), (xu(n),n € N) is the M-characteristic of the space
L7 (). Then with probability 1 the random variable sup, ., | X (t)| belongs to the space Ly (Q2), and

wob
p X0 < Xl + gy | Ve )= Bieo)

U

where ty € T is an arbitrary point, wy = o(sup,cp p(to,t)), 0 < 6 < 1.
In addition, for any ¢ > 0 the following inequality holds:

P{§g¥|X(t)| >e} < (U(B(gto))>_

The next theorem is a variant of a general result stated in [4, Theorem 3.5.2].

Theorem 2.2 ([12], Theorem 2.3). Let (T, p) be a compact metric (pseudometric) space and let X be a separable
stochastic process belonging to an Orlicz space Ly (Q2). Suppose that the assumptions in Theorem 2.1 hold. Then
we have

lim

lim | sup [X(t) - X(s)]

p(t,s)<h

=0,
U

and the process X is sample continuous on (T, p) with probability 1.

Introducing the additional assumption on the function U, the above theorems can be reformulated in the form,
which is more convenient for applications.
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Theorem 2.3. Let (T, p) be a compact metric (pseudometric) space, N be the metric massiveness of (T, p). Let
X ={X(t);t € T} be a separable stochastic process from an Orlicz space Ly () with a function U satisfying the
g-condition, and
sup || X(t) = X(s)|lv < o(h), (2.3)
p(t,s)<h
where 0 = {o(h),0 < h <sup, scr p(t, s)} is @ monotonically increasing continuous function and o(0) = 0.
Suppose that for some € > 0

/6 UCY(N(eY () du < oo. (2.4)
0

Then with probability 1 the random variable sup,cr | X (t)| belongs to the space Ly (2), and

wob
0(10[]9)/0 y=n (N(U(_l)(u))) du =: D(to), (2.5)

< [|X (to)llv +

sup | X (t)]
teT U

where to € T is an arbitrary point, wy = o(sup,cp p(to,t)), Cu is given by (1.1), 0 is an arbitrary point such that
0 < 6 < min(1,0) for = sup{# > 0 : N(c(=D(wph)) > U(z)}.
In addition, for any € > 0 the following inequality holds:

Psup [X ()] > ¢} < (U( th0>)> - 2.6)

and the process X is sample continuous on (T, p) with probability 1.

Proof
The theorem follows from Theorems 2.1 and 2.2. A variant of this theorem was given in [15, Theorem 3.4]. The
restriction on @ can be deduced from the expression for y. Indeed, in our case we have xy/(n) = Cy U (n) for
n > U(zp) (Lemma 1.9) and

xu(N (o () = Cy UCD (N (0D (w))

for N(o(~1)(u) > U(zp), and since 0 < u < Awy, we obtain that § should be such that
N (o1 (Bwo) > U(z0). 2.7)
The fact that X is sample continuous follows from Theorem 2.2. U

Consider now the space R™ with the metric

p(t,5) = max [t; —s;|, t=(t1,-.-,tn), 5= (S1,---,8n), (2.8)
i=1,n
and the compact set 7' = (a; <t; <bg i :Am), for some a,b € R", a; < b, i =1,...,n.
For the metric massiveness NV of the set T" with respect to metric p, the following inequality holds:
(i <N()<ﬁ bi i 1) w0 (2.9)
u u .
LI\ 2w - T\ 2u ’ ’

and inequality (2.7) will be true if

Hence, we have the following result as a corollary of Theorem 2.3.
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Theorem 24. Let T = (a; < t; < b;,i = 1,n) with metric p(t,5) defined by (2.8), X = (X(#),teT) be a
separable stochastic process from an Orlicz space Ly () with a function U (x) satisfying the g-condition, and

sup [|X(t) — X(5)|| < a(h), (2.10)
p(E5)<h

where 0 = {o(h),0 < h <sup; .4 p(t,5)} is a monotonically increasing continuous function and o(0) = 0.

Suppose that for some € > 0
ren (T ( b
Ut ————+ 1] ) du< . 2.11
[ o (U (g 1) w<os -

=1

Then with probability 1 the random variable supy_; | X (t)| belongs to the space Ly (92), and

_ C o8 " bi—ay _
< | X (to)l + 9(139)/0 U=y (H (20<—1>Czu) + 1>) du =: R(fy), (2.12)

=1

sup | X (t)]
teT

U

where to € T is an arbitrary point, @y = U( SUPz 7 p(to, t_)), Cy is given by (1.1), 0 is an arbitrary point such that

0 < 6 < min (1,ig<}(H?:1(bi )— az‘))””)).

wo 2 U(Z()

In addition, for any € > 0 the following inequality holds:

P{sup\X(m > z—:} < (U(Rgo)))_l. (2.13)

teT (t

and the process X is sample continuous on (T, p) with probability 1.

3. Orlicz processes defined on non-compact metric spaces

In this section we consider the case of a space (T, p), where T is not compact, but is o-compact, that is, 7' can
be represented as a countable union of compact subsets. As we have seen in the previous section, to state the
boundedness and continuity of Orlicz processes on compact sets we can apply the same conditions formulated
in terms of entropy integrals. For non-compact sets the situation is different. The study of continuity is a simpler
task: if 7" is a o-compact, then almost sure continuity of the process on compact subsets of 7" (which holds under
finiteness of corresponding entropy integrals on these subsets) will entail almost sure continuity on the whole 7'
(see, e.g., [3, Section 1.3]). But the same arguments do not hold, if we want to state the boundedness of a process,
and some additional assumptions are needed. One possible way to solve this problem is presented in the next
theorem.

Theorem 3.1. Let (T, p) be a non-compact metric space and there exist compact sets (T, p), k € Z, such that
(T, p) = Upez(Tk, p). Let Ny(Ty,u), u > 0, be the metric massiveness of the compact set T}, with respect to the
pseudometric p, (xu(n),n € N) be the M-characteristic of the Orlicz space Ly (). Suppose that X = {X (t);t €
T} is a separable stochastic process from an Orlicz space Ly () and there exist monotonically increasing
continuous functions oy, = {o1(h),0 < h < maxy sen, p(t,s)}, k € Z, such that o1,(0) = 0 and

sup |X () — X(s)||lv < or(h). (3.D
p(t,s)<h,t,s€T}

Suppose that for some € > 0, forall k € 7
/ XU(NP(Tk,U(fl)(u)))du < 0. (3.2)
0
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Let )
1 [ .
By, = | X (tox)||v + 0(19)/0 XU(NP(TIWO'( 1)(u)))du, 3.3)

where tor, € Ty, wor = ox(Supser, p(tor,t)), 0 < 0 < 1. If for some tor, and 0 < 0 < 1, for all & > 0 the series

ke% <U (B; ))1 (3.4)

Pl X(01> <) < 3 (U (B(j%)»l (3.5)

is convergent, then

and with probability 1

sup | X (t)| < oo,
teT

and the process X is almost surely sample continuous on (T, p).

Proof
The proof of the theorem follows from Theorem 2.1 and from the fact, that fore > 0
P{sup [X(t)] > e} <> P{sup [X(t)| > e}. (3.6)
teT keZ te€Ty

Convergence of the series in the right hand side of (3.6) for all € > 0 implies the boundedness of the process X on
T with probability 1. O

Similarly, from Theorems 2.3 and 2.4 the next two theorems follow.

Theorem 3.2. Let (T, p) be a non-compact metric space, X = {X (t);t € T} be a separable stochastic process
from an Orlicz space Ly () with a function U satisfying the g-condition. Suppose that there exist compact sets
(Tk, p), k € Z, such that (T, p) = Upcz(Tk, p). Let N,(Ti,u), u > 0 be the metric massiveness of the compact
set Ty, with respect to the pseudometric p. Suppose that there exist monotonically increasing continuous functions
o ={ok(h),0 < h <maxy ser, p(t,5)}, k € Z, such that 01,(0) = 0 and

sup [X(t) = X (s)llv < or(h). (3.7
p(t,s)<h, t,s€Ty

Suppose that for some € > 0, forall k € Z

/ ] UCD (N (Ty, ol (u))du < oc. (3.8)
0
Define for each k € 7
Dltor) = | X (top)llur + Y /wg U (N (T, aH)(u))) du (3.9)
0k 0k ) I|U 9(1 — 0) o p\Lk, 3 .

where tor € Ty, wor = ok (Supser, p(tor,t)), Cu is given by (1.1), 0 is an arbitrary point such that 0 < 6 <
min(1;0y,) for O = sup{f > 0 : N, (T, aifl)(w%é’)) > Ul(zo)}-
If for some toy, and 0 such that 0 < 6 < mingez (1, 0x), and for all € > 0 the series

-1
€

> (o)) 610

kE€Z
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is convergent, then

P{sup X |>e}<2( Ok)>)1,

keZ

and with probability 1

sup [ X (¢)] < oo,
teT

and the process X is almost surely sample continuous on (T, p).

Corollary 3.3. Let under the conditions of Theorem 3.2, o,(h) = Z(Ty)o(h),h > 0, where Z(T},) > 0, k € Z, are
some constants depending only on Ty,. Then we can replace the condition (3.8) by the following one:

Ii(e) = /O USY(N (T, o=V (w)))du < oo,

and the expression for D(toy) takes the form

Cy

D(tor) = [|X (tox) v + 91 —0)

Z(Ti) I (wort), (3.11)

where wor, = o(sup,eq, p(tok,t)), and 0 is an arbitrary point such that 0 < 6 < min(1, 0) with 6 = sup{# > 0 :
Ny (Ty,, Z(Ty,)o =D (wor)) > Ulz0)}-
If the series (3.10) with D(tox) given by (3.11) is convergent, then the statements of Theorem 3.2 hold true.

Proof
(=

Indeed, since o, D) = o1 we obtain

7))

£ e/Z(Tx)
/ UCD (N, (T, 04 (w))du = Z(T) / UCD (N, (T, 0 () du < o,
0 0

and the expression for D(¢ox) should be modified correspondingly. O

We now specify the general results for the particular case of the space R™, which will be convenient for
applications.

Theorem 3.4. Let X = {X(f);t € R™} be a separable stochastic process belonging to an Orlicz space Ly (),
with the function U (x) satisfying the g-condition. Let Ty, k € Z, be of the form Ty, = {ak,; <t; <agt14,9=1,n},
for ap; €R, ag; < axt14 k €Z, i =1,n, and such that R" = Ukez T\.. Choose on R™ the metric p(t,5) =
maX;=1,..,n t = (t17--~7tn)7§: (81,...,3n).

Suppose that there exist monotonically increasing continuous functions

o = {ok(h),0 < h <max; ;g p(t,5)}, 0(0) = 0, such that for all k € Z

sup | X () — X(38)|luv < or(h). (3.12)
p(£,5)<h,t,5€T}

Suppose that for some € > 0, forall k € Z

o)
k

i=1

7oy — i _1 W0k9 - k41,4 — @
R(Eor) = X (Eow)llo + 57— | I S, ) )
. O'k

=1

Let
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where to, € Ty, is an arbitrary point, wo, = ak(supfefk p(tok, 1)), 0 is an arbitrary point such that 0 < 6 < 1.
If for some toy, 0, such that 0 < 6 < 1, and € > 0 the series

= (v (7)) o

Py X0 > ) < 3 (V)

keZ

is convergent, then

with probability 1
sup | X(7)] < oo,
teRn

and the process X is almost surely sample continuous on R™.

We state now the corollary from the above theorem for the processes from the space L,,(£2), p > 1, which is the
Orlicz space Ly () with U(x) = |z|P, z € R, p > 1. This theorem will be used to construct examples in Section
5. In this case the conditions appear in the form, which is convenient for calculations.

Theorem 3.5. Let X = { X (#);7 € R} be a separable stochastic process from the space L,(Q),p > 1. Let By, k €
Z, be sets of the form By, = {ap; < t; < agy14,i=1,...,n} for ar; €R, ap; < apy14, k € Z, i =1,n, and

such that R™ = J, o, By.. Let the metric be defined as p(t,8) = max;—1__n|t; — s t=(t1,...,tn),5 =
(S]_7 ey Sn)
Suppose that there exist monotonically increasing continuous functions .
or ={ok(h),0 < h <max; .y p(t,5)}, 0x(0) = 0, such that on each set Dy,
1
sup | X() = XSz, =  sup  (E[X() - X)) < ox(h). (3.15)
p(t,5)<h,t,5€ By, p(t,5)<h,t,5€By
Suppose that for some € > 0, forall k € Z
el n
H M du < oco. (3.16)
0 20" 1)
i=1 k
Let 1y
p
_ _ 1 word | T Akt [47% )
R(for) = (E|X (for)|)) "/ + ——— SR | d
() = (EX )" + 55 | H( T u,

where to, € By, is an arbitrary point, woj, = oy (Supge g, p(tox, 1)), 0 is an arbitrary point, 0 < 6 < 1.
If for some tog, for every 0 such that 0 < 6 < 1, and € > 0 the series

> (R(tor))” (3.17)

keZ

is convergent, then
1 7P
P{sup | X(?)| > e} < - E (R(tox))",
teR™ € kEZ

with probability 1
sup | X ()] < oo,
EERW

and the process X is almost surely sample continuous.
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Corollary 3.6. Let under the conditions of Theorem 3.5, oi(h) = r(Bg)o(h), h >0, where r(By,) > 0, k € Z, are
some constants depending only on By. Then we can replace the condition (3.16) in Theorem 3.5 by the following

one: y
n p
: (ak+1,0 — axi)
Ii(e) ::/ — 11 du < oo,
|1 20" ()
and the expression for R(loy) takes the form
. _ r(B
Rlfor) = (EIX (00)")!/7 + G120 Do), G189

where to, € By, is an arbitrary point, woj, = U(SqueBik p(tox, 1)), 0 is an arbitrary point, 0 < 0 < 1. If the series
(3.17) with R(tox) given by (3.18) is convergent, then the statements of Theorem 3.5 hold true.

In Section 5 we present examples of the processes for which conditions of the above theorems are satisfied.

4. Applications to solutions of Cauchy problems for partial differential equations with random initial
conditions

In this section we discuss some applications of the results of Section 3.
Let £(z), x € R™, be a sample bounded and sample continuous process with probability 1. In particular, we
assume that £ is a process belonging to an Orlicz space Ly () for which the conditions of Theorem 3.4 hold.
Consider the stochastic process u(t, z), t > 0, 2 € R™, defined by the following integral

uta) = [ sty oy, @19)
u(0,z) = §&(z), (4.20)

where the kernel p(t, z), t > 0, x € R™, satisfies the conditions:
Dp(t,z) >0,t >0,z € R";
2)forallt >0

/ p(t, x)de = 1;

3) for any bounded continuous function f(z), z € R",

i . p(t,y — =) f(y)dy = f(x).

Theorems 3.4 and 3.5 give us the instruments to check whether a process ¢ from an Orlicz space Ly () is
sample bounded and sample continuous. Therefore, basing on such &, the processes introduced by (4.19)-(4.20)
will be well defined, and, moreover, their suprema can be estimated.

We get the following simple result.

Lemma 4.1. Let &(x), © € R™, be an almost surely sample bounded and sample continuous process, and let the
process u(t,x), t > 0, x € R™, be defined by (4.19)-(4.20). Then with probability 1 the process u(t, x) is bounded
and

lu(t, z)| < sup |&(x)], sup |u(t,x)| = sup [&(z)]. 4.21)
reRn? t>0,zeR™ zeR™
Proof
From the equality «(0, z) = £(z) we have immediately that
sup [u(0,z)| = sup [£(z)]. (4.22)
z€R™ zeRn
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On the other hand, in view of properties of the process £ and the kernel function, we have for ¢t > 0, z € R

uta)| < [ le@lplt.o - a)do < sup 160 [ pit.v—a)do = sup [0,

vER™ Rn vER™
therefore,
sup Ju(t,z)| < sup |£(z)]. (4.23)
t>0, z€R" zER™
The relations (4.22) and (4.23) imply the second equality in (4.21). ]

With a particular choice of the kernel p, the formulas (4.19)-(4.20) give a (space-time) process defined on
{(t,z) :t >0, x € R™}, n > 1, which can be treated as a solution to a Cauchy problem for a partial differential
equation with the random initial condition given by &. If the sample paths of the process £ have properties with
probability 1, which coincide with those needed in the nonrandom case, then one can apply the standard results of
theory of partial differential equations. We present below some examples of such kernels.

Let p in (4.19) be the (multidimensional) heat kernel:

1 |z[? }
t,x) = exp 4 — , t>0,zeR™
p(t @) Qava)" p{ T

Consider the Cauchy problem for the heat equation

(4.24)

u(t; ) = alAu(t;x), t >0, x € R",a >0
u(0;z) = f(z), = € R™

where the function f is continuous and bounded on R™.
We have the following classical result (see, for example, [23]).

Theorem 4.2. If the function f is continuous and bounded on R", then the Cauchy problem (4.24) has a unique
solution in the class of continuous and bounded functions, which is given by the formula

tx) = L il OIS 4.25
U(J)/nf(v)WeXP iy el (L >0, z € R", (4.25)

and for each xo € R™  lim  u(t,x) = f(zo).

t—0,x—x0

Note that in the literature the formula (4.25) is sometimes called the Poisson formula.
As a consequence, for the case of random initial condition we can state the next theorem.

Theorem 4.3. Let £ = {{(x); 2 € R™} be an almost surely sample bounded and sample continuous process. Then
with probability 1 the process

1 v —x|?
- - expi-tIC R" 42
u(t, x) . (v) avaD)" exp{ 102 } dv, t >0, x € R", (4.26)

is a bounded and continuous solution to the Cauchy problem (4.24)with the random initial condition u(0,z) =
&(z),x € R™.

From Theorem 4.3 and Lemma 4.1 we obtain the following theorem.

Theorem 4.4. Consider the Cauchy problem (4.24) with the random initial condition u(0,x) = &(z), = € R",
where £ is a stochastic process belonging to an Orlicz space Ly (Q) and satisfying the conditions of Theorem 3.4
(or Theorem 3.5, that is, U(z) = |z|P, x € R, p > 1). Then with probability 1, there exists the solution u(t, z) of the
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Cauchy problem (4.24), given by the formula (4.26), such that sup;> e [u(t, ¥)| < co with probability I, and

P{ sup [ult,2)] > 2} < 3 Zu(e)
t>0,z€R keZ

-1
where Z.(¢) = (U(ﬁ)) ,as defined in (3.14) (or Zy(c) = (R(to’“)> ,as defined in (3.17), for the case
U()=z|P,zeR p>1)

We should note that, in fact, due to the particular “good” properties of the heat kernel, the properties of the
solution to the Cauchy problem (4.24) can also be analyzed under the weaker conditions on the stochastic process
&, but we will not go further in this direction here.

Next we can consider kernels p coming from equations with fractional derivatives.

Consider the following fractional equation
0%u

’u 9
= _— < .
5 )\&627xeR,t>070<u_2, 4.27)

where the fractional derivative 2 5 is understood in the Caputo sense. This equation is called the fractional diffusion
equation. For v = 1 it reduces to the heat equation.
The fundamental solution to (4.27), with 0 < v < 1 and u(0, z) = 6(z) is given by (see, for example, [20]):

1 ||
p(t,l’) = WW_%J_% <At”/2> 5 t > 0, S R,

where W, g is the Wright function

k

Wap = —_ -1 0 R.
8 ;klr(ak+5)’a> ,B>0, z€

For v = 1 the solution is
”2 2
s e 3

0 x/% No
which coincides with the probability density function of the composition of two independent Brownian motions
Bi(|Ba(t)]), t > 0 (see, [18]).

It was shown in [19] that for v = 5 the solution to (4.27) for A? = 21/2" =2 gives the probability density function
of the iterated process B (|Bz2(|Bs(- - - (|Bn+1(t)]---)|)]), t > 0, with B;’s being independent Brownian motions,
and this solution is of the following form:

(4.28)

p1y2(t,x) =

22

e 221 eiﬁ 2t
a (t, dzy -+ dzy,. 4.29
mn)= [ [ e e e 2

We mention just one more interesting density function

N
N

(99
|
e

3
~

2

E_ﬁ e~ 2w
dw, (4.30)
0 \/27r 8A4t) H \/27T’LU

o0

pa(t,x1,x2,...,2q4) =

which is the probability density function of the vector process (Bi(|B(t)|),...,Ba(|B(t)|))’, and represents a
solution to the fractional equation

e —)\Qzaz,ax]eR]_l Ld, t>0 (4.31)

Jj=1
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(see [19]).

One can observe the clear connection of the solutions (4.28)—(4.30) presented above with the Gaussian densities
giving the heat kernel for the case of non-fractional equation. Note that for the cases v = % and v = % situation is
different, and solutions to (4.27) are represented by means of the Airy functions.

By using (4.28), (4.29) or (4.30) as kernels in the integral (4.19) we obtain the models of processes, which can
be treated as solutions to equation (4.27) with v = 1/2, v = 1/(2") or equation (4.31) correspondingly, with the
random initial condition given by an almost surely bounded and continuous process &.

In all the above situations, if we take as initial condition a stochastic process £ from an Orlicz space Ly (£2), which
satisfies the conditions of Theorem 3.4 (or Theorem 3.5), then the corresponding process u, which represents the
solution, is bounded and the distribution of its supremum coincides with that of &, and therefore, can be estimated
by the expressions given in Theorem 3.4 (or in Theorem 3.5).

5. Examples

We present now several examples of processes satisfying the conditions of Theorem 3.5 and Corollary 3.6.

Example 5.1. Let X (¢) = c(t) Y _, &mdm(t), t € R, where &, € L,(Q),p > 1, m € N, are independent random
variables. Let By = [ay, ax+1], k € Z, R = |, B, and functions (c ( ),t € R)and (¢, (t),t € R), m > 1, satisfy
the following assumptions:

¢(t) > 0,t > 0, is a monotone function, ¢(t) = ¢(—t) and for k € Z:

sup le(t)] < f,
te By,
sup |c(t) —c(s)] < Zro(h),h >0,
t,s€ By,
[t—s|<h
sup |om (t)] < dm,
teEBy
sup |¢m(t) - ¢m(3)| < 'rma'(h)7m >1,h>0,
t,s€ By,
[t—s|<h

where (o(h), h > 0) is a monotonically increasing continuous function such that o(0) = 0, (r,,,m € N), (d,,,m €
N), (Zy, k € Z) are some numerical sequences.
We have

sup X @Oy < sup {le(®)] Z €mlpldm (O} < fi Z 1€m lpdm = frAr, (5.32)

m=1 m=1

where A1 = > [l pdim
Suppose that A; < co. Then sup,¢p, | X(1)[l, < frd1 < oo.
Next we evaluate the norm of the increments:

lx () ||p—HZem( Gun(t) = e(s)om(s) )|

immup( (160 0) = 6m(6)) + 3 el (16m(c(0) — 5]

m=1
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and

sup || X(8) = X()lp < D émllp rmo(B) fi + dn Zio ()] =

[t—s|<h,t,s€By

m=1
— o(h) lfk S emllori +Ze S mlpdn | < k) [fids + ZiAy).
m=1 m=1

where we suppose that Ay = >">°_ ||&y]|prm < oo. Therefore, in the conditions of Corollary 3.6, r(By) =
frA2 + Z Ay
Letforall e > 0:

3 1 1/?
—— +1 d 5.33
/0 200D () + u < 00, (5.33)
then
o(su — 1
/ e Bl Tk 4y " du
0 20(=(u)
o(lak+1—axl) 1 1/p
< max(|ak+1 — (lk|, 1)/0 m +1 du. (534)
From (5.32) and (5.34) we obtain
o 11— /p
frdo + Z1 Ay (lak+1—axl) 1 ! o
R(tok) S Alfk =+ w max(|ak+1 — ak|, 1) ) m + 1 du = Rk. (535)
If
> RY <o, (5.36)
kEZ
then )
»
P{i’gﬁ‘X(t” >e} < ;pZRk. (5.37)

keZ

and the process X is almost surely sample bounded and continuous on R.

Example 5.2. Let in the conditions of Example 5.1, assume ¢,,(t) = sin A\,,t, where 0 < \; < A\y..., A,y — 00,
m — 00.
Then |¢,, (t)| <1 = d,y,, and we suppose A1 = >~ |||, < 0.

We have: N
| (t) — Pm(8)| = | sin At — sin Ay, 8| < 2 sin%ms ,
and by taking into account that | sin z| < |z|* for 0 < a < 1, we obtain that

Amt — A
2 sin%ms < A% 2l — g

Therefore, in the conditions of Example 5.1, 7, = 217X%, o(h) = h®, Ay = 217 3" [|&n][pA%,
and we suppose that Ay < oc.
Nowletag =0,a1 = 1,a_ = —ag,and 0 < ap41 —ap < 1,k >0, By = [ay, ar41], k € Z,andR = | J, ., By
Let ¢(t) > 0, ¢(—t) = ¢(t), t € R, and

1

=, t>1,8>1

B 9 )
0 { LO<t<l
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Then sup,¢, c(t) = L = £,k > 0. Since ¢(~V (u) = u/*, h > 0, then we obtain
ay

£ 1/p €
f “ -
0 0

€ 1 1
< R - -
- /0 21/pq1/pa du+e 21/p 1 — p% T

1/p
du

b
20 (=1 (u)

1

1 2ul/«

+1

for i < 1, that is, for o > %. We can evaluate

U(akJrl*ak) 1 1/p 1 N 1 1
a1 _
/ 2t T S g e = ST o —a)”
< —1 1 1 - 1
= 9l/p - pia + 1L
Next, for 1 <t < s, kK > 1, we obtain:
11 B8
sup (c(t) —c(s)) = sup <B — ﬂ) < sup i —5
t,5€ By, |t—s|<h t,s€By,|t—s|<h \1 s t,s€By,lt—s|<h a
: B—1
1 °1 a
= sup fuB Ydu < sup (s —1t) k;é
t,5€ By, |t—s|<h ak B t,s€By,|t—s|<h Bay,
ﬁ 1 p—1 —1
1 1 1 26 1
<h k+1 <h*= (14 — < h* .
ﬁa B * ak af“ B B agﬂ

Therefore, Z), = Ba? ag —7, and we arrive at the following bound:

—1
1 1 )
Rk<A1ﬁ+4[ Ag—&—ﬁ 2P~ 1A1}<21/p(1—pa> +1)::Rk,
k

since at 0 = % we have the maximum of m. We have also Rk = R_k. Now we find the condition for the

convergence
RP < 00
E . .

kEZ
We have the following estimate:

1 1 1
- _— p—1 _—
i = ay (Al +4A2<21/p - 1)) i Bay BafT A1(21/p - 1)

(A1+4A2( +1)+2°- 1Al(—ﬂ)) =: Ry,

ak 21/p

therefore, the convergence of the series ), RZ is implied by the convergence of 3, _, %.
In the conditions of Corollary 3.6 and Example 5.1, r(By) = frAs + Zr A1 < 4‘42 ( B + 1). With the imposed
condition on f3, the series } , ., % is convergent, as well as ZkeZ o < 00, smce 5= a};p
Therefore, if ZkeZ prd < o0, A1 < 00, Ay < oo, then the process X( y=c(t)> kl Em s’;nA t,t € R, satisfies

the conditions of Theorem 4. 3, hence, with probability 1 the process X is sample bounded and continuous and the
following estimate for the distribution of its supremum holds:

P{sup\X( ) >e} < —ZRP

kEZ
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Example 5.3. Let X (¢), t € R, be a process from the space Lo(f2), EX(t) = 0, EX(¢ = Jx f( ,8)dv,
where the function f(v,t),v,t € R, is such that

/ (v, t)dv < .
R

We have EX?(t) = [; f*(v,t)dv and E|X (t) — X (s)|* = [ |f(v,t) — f(v, s)]Pdv.

Let under the conditions of Corollary 3.6, By = [ay, ax11], k € Z, and R = J, ., Br, where ag =0, a_j, =
—ay, ap < apy1 for k € N.

Suppose that the following conditions hold:

|, 0)] < gllar])f(v), t € By, [ (v,8) = f(v,5)] < o (|t = s1)Z(lax])f(v), t,5 € By,

where o(h), h > 0, is a monotonically increasing continuous function, ¢(0) = 0, and for e > 0

€
J
Z(v), g(v), v > 0, are monotonically nondecreasing functions, and the function f(v) >0, v €R, is such that

f]R{f2 )dv < oo.

R - 1/2
Denote || f||s = (fRf (v)dv) .
‘We have

1 1/2
m+1 du < 00;

) 1/2 .
(EIX(t) ~ X(9)12) < ollt = sDZ(lar) |2, .5 € By,

therefore, in terms of Corollary 3.6, r(By,) = Z(|ax|)||f||2, and we obtain the bound:

R o(lakt1—akl) a —ay 1/2
Z(axD|f / Bl Gk g,
(lax D712 | 20(0)

Ritor) < Ritow) = sl I + 57—

If the series

S (Rton))?

keZ

is convergent, then in view of Corollary 3.6, the process X is sample continuous with probability 1, sup,cg | X (¢)| <
oo and fore > 0

Plsup X (1) > <} < 23 3 (Rlton)*

kEZ

Thus, from Theorem 4.4, we have that the process

u(t,x)z/RX( )2are p{ “’4‘@?2}@

is a bounded solution to the Cauchy problem (4.24) and the following inequality holds for e > 0

P{ sup |(tm|>5}< Z (tox))

z€R,t>0

keZ
Example 5.4. Let in the conditions of Example 5.3, f(v,t) = f(v) sin 1‘+|t\ v,t € R, where f(v) > 0,veR,isa
symmetric function.
We have, similar to Example 5.3,

f(v),for0 < a <1,
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and
_ Ll ] ol st
|f(v,t) = f(v,s)] = f(v) sm1+|t‘ —sm1+|5|‘ < 2f(v)‘81n7m <
< 2f( )|”|B s — 4| for 0 < B < 1.

Y2 (U AL+ [s)P

Then for By, defined as in Example 5.3,

1/2 /2
su v, t 2dv) < / 2a dv ,
s ([ 1f0) T (ke

and

s ([ - swopa) < 2o ([ o)
up v,t) — f(v,s)|"dv v v
t,s€By,|t—s|<h \JR (1+ |ax])2?

Therefore, in the notations of Example 5.3, o(h) = h?, g(|ax|) =
conditions of Corollary 3.6, 7(By) = Z(|ax|) f(v)|v|’.
If [, [v]** f2(v)dv < oo and [ [v]*? f2(v)dv < oo, then

1 _ 21*13 .
W,Zﬂa“) = W, and m the

/E L +11/2d /( 1 +1>1/2d <1 51_%+
_— u = —_— U< —— +e,

o 2001 (u) o \2ul/B = 21— %
o(lag1—ag)| 1 1/2 172 5

/0 m-ﬁ-l du§2ﬂ_1(ak+1_ak) + (g1 — ax)” < o0

for 3 > 1. We obtain:

o) < R = glfa ([ i) s

/2, /2

azal) ([ P2 wd) " (352 (@ = 00" 4 (@ - @)?).
R p—-1

Let us suppose that « = 8 > § and [, [v]** f2(v)dv < co. We can always choose aj, such that the series

S

kEZL

is convergent. For example, we can take aj = ek,
Then it follows from Corollary 3.6 that with probability 1 the process X is sample continuous, sup,cp | X (t)| <
oo and fore > 0

Plaup X ()] > <} < 3 3O AR

keZ

Therefore, for the process u(t, x) fR 2ml/ﬁ exp {— (1;;22 } dv we have the same bound for € > 0:

1
P{ sup |u(t,z)] >¢e} < ?ZR%

z€R,t>0 LeZ
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