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1. Introduction

A semi-infinite programming (SIP) is an optimization problem in finitely many variables on a feasible set described
by infinitely many constraints. There are many applications of SIP in various fields such as robotics, mathematical
physics, Chebyshev approximation, optimal control, robust optimization, transportation problems, fuzzy sets,
cooperative games, engineering design etc. (see [41, 15]). For basic theory, survey articles on SIP we refer to
[30, 35, 18] and for monograph [11].

The notion of convexificators can be seen as a generalization of subdifferentials. Jeyakumar and Luc
[17] has shown that the Clarke subdifferentials[6], Michel-Penot subdifferentials[32], Ioffe-Mordukhovich
subdifferentials[16] and Treiman subdifferentials[47] of a locally Lipschitz real-valued function are convexificators
and these known subdifferentials may contain the convex hull of a convexificator. Unlike some of the
subdifferentials which are compact and convex objects, convexificators are not necessarily compact or convex.
We refer to the recent results [26, 29, 27, 4].

Generalized convex functions have been introduced in order to weaken the convexity requirements as much as
possible to obtain results related to optimization theory [19, 24, 25]. One of the significant generalization of convex
function is invex function [12, 8]. The class of invex functions preserves many properties of the class of convex
functions and has shown to be very useful in a variety of applications [33]. It is well known that optimality and
duality [43, 28, 44] theory provide the foundation of algorithms for a solution of an optimization problem and hence
constitute an important portion in the study of mathematical programming. Mond-Weir [37] and Wolfe [48] dual
models have been studied for semi-infinite programming problems [36, 39], bi-level problems [46], mathematical
programs with vanishing constraints [34], and mathematical programming problem with equilibrium constraints
[40, 20, 21, 22, 23].
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Mathematical programs with equilibrium constraints is an extension of the class of bilevel programming
problems[45, 31, 7, 9], which is also known as mathematical programs with complementary constraints. MPEC
plays a vital role in many fields such as capacity enhancement in traffic, dynamic pricing in telecommunication
networks, engineering design, economic equilibrium [42, 5, 13, 14]. Many practical problems in these fields have
been modeled using the MPEC formulation. In practice, it is natural that an MPEC problem may arise where
infinitely many restrictions are present rather than finite many restrictions in finitely many variables. This gives us
a motivation to formulate semi-infinite mathematical program with equilibrium constraints (SIMPEC).

Motivated by the earlier work of T. Antczak over (p, r)- invex functions [1], B-(p,r)-invex and generalized invex
functions [2] and nonsmooth version of r-invex functions [3], we will introduce the definitions of p-invex function
and generalized p-invex functions under the framework of convexificators. We will establish sufficient optimality
condition for the SIMPEC involving p-invex function and generalized p-invex functions and we will also provide
supportive example corresponding to the sufficient optimality condition. We will also derive weak and strong
duality theorems relating to the SIMPEC and two dual models (Wolfe and Mond-Weir) under the framework of
convexificators using generalized invexity assumptions.

The organization of this paper is as follows: in Section 2, we give some preliminaries, definitions, and results.
In Section 3, we establish sufficient optimality condition for the SIMPEC, using convexificators. In Section 4, we
derive weak and strong duality theorems relating to the SIMPEC and two dual models using generalized invex
functions. In Section 5, we conclude the results of this paper.

2. Preliminaries

Throughout the paper, R™ denotes the n-dimensional Euclidean space. Let C' be a nonempty subset of R™. The
convex hull of C' and the convex cone generated by C' are denoted by co C' and cone C, respectively.

The negative polar cone is defined by C~ = {u € R*"|Vx € C, (x,u) < 0}.
Let C be a nonempty subset of R and x € ¢l C (closure of C) then the contingent cone T'(x, C) to C' at x is defined
by

T(x,C)={ueR"|3t, ] 0, Ju, — usuchthat z + t,u, € C}.
We consider SIMPEC in the following form:
SIMPEC  min F(x)
subjectto: g(z,t) <O0VteT, h(x)=0,
®(z) 20, ¥(z) >0, (®(z), ¥(z)) =0,
where the index set T is an infinite compact subset of R", FF: R" - R, g : R"xT - R, h: R* - RP, &:

R" — R! and ¥ : R® — R’ are given functions.
Along the lines of [36] for a given feasible vector = for the SIMPEC, we define the following index sets:

T, :=T,(#) = {t € T: g(&1) = 0},

§:=08(2) = {i € {1,2,...,1} : ®;(%) = 0, T;(2) > 0},
a=a(@) = {ie{1,2,...,1} : B;(&) = 0, T;(F) = 0},
ko= k() = {i e {1,2,...,1} : ®;(Z) > 0, V;(Z) = 0},

where the set « is known as degenerate set.

Definition 1
Let F': R” — R U {400} be an extended real-valued function, z € R™ and let F'(z) be finite. Then, the lower and
upper Dini directional derivatives of F at x in the direction v are defined, respectively, by

F; (z,v) := liminf F(z +tv) — F(z)

t—0+ t ’
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and

F - F
Ff(z,v) := limsup (z+t) (x)
¢ t—0t t

Definition 2
(see [17]) A function F : R" - RU {400} is said to admit an upper convexificator, 9*F(x) at x € R™ if
O*F(x) C R™ is a closed set and, for every v € R™,

Fy(z,0) < sup ().
£€0* F(z)

Definition 3
(see [17]) A function F' : R™ — R U {400} is said to admit a lower convexificator, 0, F () at x € R™ if 0, F (z) C
R™ is a closed set and, for every v € R"”,

Ff(z,v) > gegnzf“(m) (& v).

The function F is said to have a convexificator 9} F(z) C R™ at z € R", if 0*F(z) is both upper and lower
convexificator of F at x.

Definition 4
(see [10]) A function F' : R™ — R U {400} is said to admit an upper semi-regular convexificator, 9* F'(x) atx € R™
if 0" F(x) C R™ is a closed set and, for every v € R™

Ff(z,v) < sup  (§0). (1
£€d*F(x)

If equality holds in (1), then 9* F'(x) is called an upper regular convexificator of F' at .
Motivated by the definition of (p,r)- invex functions [1] and nonsmooth version of r-invex functions [3], we are
introducing the definitions of p-invex function and generalized p-invex functions in terms of convexificators.

Definition 5
Let n: R™ x R™ — R" be a kernel function and let F': R” — R U {400} be an extended real valued function,
which admit convexificator at € R™. Then F' is said to be
(i) Of-p-invex at & with respect to 7 if for every z € R™,
1 .
F(x) > F(7) + ];<§,e’”’(””’z) —1),VEe 0 F(z),p #0.
(ii) O%-p-pseudoinvex at & with respect to 7 if for every x € R™,
1 N

FECAF@), (&, e?F) —1) > 0= F(x) > F(&),p #0.

(iii) 07 -p-quasiinvex at & with respect to n if for every x € R",
1 .
F(z) S F(#) = 2 (€, —1) <O,V € € O.F(@),p #0.

Now we provide following examples in support of the definitions given above.

Example 2.1 Consider the function ' : R — R is given by

Flz) 14 z; x 20,
€T) =
14 |sinz|; z <0,

Stat., Optim. Inf. Comput. Vol. 11, June 2023



B.C. JOSHI 643

then the function becomes J7-p-invex at & = 0 with respect to the kernel function, 7n(z, %) = coszsinZ and
0rF(0) ={-1,1}.
Example 2.2 Consider the function ' : R — R is given by

2 ; =0,
F(x):{ + x; x

3—|cosz|; z <0,

if we take point & = 0, then the function becomes J;-p-pseudoinvex function at & = 0 with respect to the kernel
function, n(z,%) = 1 + xsinx and 97 F(0) = {0, 1}.

Example 2.3 Consider the function ' : R — R is given by

Fla) 1—%; x>0,
xT) =
|cosz|; =<0,

if we take point £ = 0 then the function becomes 0} -p-quasiinvex function at £ = 0 with respect to the kernel
function, n(z, Z) = coszsinz, and 0} F(0) = {—3,0}.

Remark 1
Based on the Definition 5, the definition of 9} -p-invex function and generalized 0;-p-invex functions can also be
given in terms of upper semi-regular convexificators.

Pandey and Mishra[38] presented the following notations for SIMPEC:

m p

g= U cod*g(z,t;), h= U co0" hi(Z) U cod*(—h;)(Z),

i=1 i=1

05 = J o0 ®i(2) U cod” (—:)(2), ®a =] cod”®;(2),

i€s 1€Q
T, = U 00 W;(3) U cod* (—0;)(3), Wo = U 00" U (3),
(@) = | o0 (~8)(2) U cod* (-2,

['(Z):=9g  Nh™N&; N¥_ N(QY),,
where, t1,t2,...,t, € Ty(2), m < n+ 1, and 2 is a feasible point of the problem SIMPEC.
The following definitions are taken from Pandey and Mishra [38] for SIMPEC.
Definition 6
Let Z be a feasible point of SIMPEC, and assume that all functions have upper convexificators considered above at

Z. We say that the generalized standard Abadie constraint qualification (GS Abadie CQ) holds at Z if at least one
of the dual sets used in the definition of I'(Z) is nonzero and

I'(2) CcT(C,2).
Definition 7
A feasible point Z of SIMPEC is called the generalized alternatively stationary point (GA-stationary) point if there

exist B = (B9, p", 8%, BY) € RFPH2 oy e (vh 4® A7) € RPH2 and ty,ta, ..., tm € Ty(Z), m < n + 1, such that
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the following conditions hold:

m p
0 € cod"F(Z) + Z B7cod*g(z,t;) + Z [Blrcod” hy (2) + 4} cod* (—h, ) (2)]

i=1 r=1

l
+Z 67 cod (—®:)(2) + B} cod* (— ;) (2)]

l
+ Z (7" c00* (1) () + " cod™ (%) ()] ,

519207 (i:1a27"'am)a B?) 71}}20’ (7":1,2,-..,]7), (2)
P BT A =0, (i=1,2,....1), 3)
BE =8y =42 =~y =0,Vica, 7¥ =0o0ry) =0. 4)

Definition 8

A feasible point z of SIMPEC is called the generalized strong stationary (GS-stationary) point if there exist
B=(89,p", 8%, 8Y) € RFPH2 o (yh 4® 4¥) € RPH2L and ty,ta,...,tm € Ty(2), m < n+ 1, satisfying
conditions (2) and (3) together with the following condition:

BE=pY =42 =~¥=0,Vica, 4 =0 7 =0.

The following result shows that GS-stationarity is a necessary optimality condition for SIMPEC.

Theorem 1
[38] Let z be a local optimal solution of SIMPEC. Suppose that F' is locally Lipschitz function at Z, which admits
a bounded upper semi-regular convexificator 0* F'(Z). Assume also that GS-ACQ holds at Z and that the cone

0 = cone co g + cone co h + cone co D5 + cone co U, + cone co (DY),

is closed, then Z is a GS-stationary point.

Corollary 1

[38] Let Z be a local optimal solution of SIMPEC. Suppose that F' is locally Lipschitz near Z. Assume also that F’
and effective constraint functions admit bounded upper semi-regular convexificators at z. If GS-ACQ holds at 2,
then Z is a GS-stationary point.

Note: The following index sets will be used in Section 3 and 4, respectively:

af::{ieazfyf’zo,wf>0},
a$:={iea:7§’>0,7§’=0},
§ti={ied:v" >0},
/@j::{ie,‘f:fyi‘l’>0}.

In the next section, we will obtain sufficient optimality condition under generalized invexity assumptions using
the notion of convexificators.
3. Sufficient Optimality condition

The following theorem shows that under generalized 0*-p-invexity assumptions, GA-stationarity turns into a global
sufficient optimality condition.
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Theorem 2

Let Z be a feasible GA-stationary point of SIMPEC and assume there is a real number p # 0 such that F' is 0*-p-
pseudoinvex at Z with respect to the kernel y and g(., ) (t € T,), £h, (r=1,2,...,p), =®; (1 € U ), =T, (i €
a U k) are 90*-p- quasiinvex at Z with respect to the common kernel 7. If aif U oz$ U 5j U /@i; = then Z is a
global optimal solution of SIMPEC.

Proof
Let us consider that z be any arbitrary feasible point of SIMPEC. Then for any ¢, € T,(Z).

g(l’,ti) g g(éati)7

by 0*-p-quasiinvexity of g(x, t;) at Z, it follows that

1 N
];@53, eP1(®3) 1) <0, V& € 0%g(Z,t:), Vt; € Ty(3). (5)
Similarly, we have
< P C . 1> <0,Y¢ €9h,(2), Vr={1,2,...,p}, (6)
< ep"zz) 1> <O, vyvea*(_hr)(2)7 VT:{l,Q,...,p}, (7)
< @ pn(e,2) _ 1><0,V§?€5*(—¢i)(5), ViedUa, €))
L(gheme 1) <0,V e¥ €0 (¥ (3), Yicaun, ©)
If of Uy UG Ukd = @, multiplying (5)-(9) by 87 >0 (i=1,2,...,m), Br>0(r=1,2,...,p), v >
0(r= 1 2,... ) BE>0(iedUa), B >0 (i € aUk), respectively and adding, we obtain
1/ & :
Zﬂggg ePn(@,2) _ <0, = Z [ﬂfg —|—'y:,11/r] ,eP1@3) 1) <0,
p r=1
< S et oo > H(Sareeen 1) <o
p SUa aUk
Therefore,

<<Zﬁg§9+z (G + 4ty +ZB¢’§ +ZB‘P >,ep’7<$vf>—1> <0,

U« aUkr

forall &/ € cod*g(z,t;), ¢ € cod*h,(2), vy € cod*(=h,)(Z), £F € cod*(—®;)(Z) and £F € cod* (—W;)(Z). Thus
by GA-stationarity of Z, we can choose & € cod* F'(Z), such that,

1 =
7<§,epn(m,Z) —1)>0.

By 0*-p-pseudoinvexity of I’ at Z with respect to the common kernel 7 and for the same real number p # 0, we
have F'(z) > F(Z) for all feasible points . Hence Z is a global optimal solution of SIMPEC. This completes the
proof. O

The following example illustrates Theorem 2.
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Example 1
Consider the following SIMPEC problem

SIMPEC
2 s
minF(ac):{ jeoszl, = #0
0, rz=0
subject to :
—22%2 -t <0,Vtelo,1 —2,2
9(,1) = Otheela
0, = ¢ [_ ) ]

o) = {0, x={-2,2}

|z|, otherwise

wm={Qz{%”

22, otherwise

(0(x), ¥ (x)) =0.

Now, one can see that the feasible points of SIMPEC are {-2,0,2}. Here F is 0*-p-pseudoinvex at Z = 0 with
respect to the kernel, 7(x,Z) = coszsin Z and for a nonzero real no p = 1. Further, g, —6 and — ¥ are 9*-p-
quasiinvex at Z = 0 with respect to the common kernel, 7(x, Z) = cos 2 sin Z and for the same nonzero realnop = 1.
We have cod* F(0) = [—m, 7], co0*¢(0,t1) = {0}, t1 =0, cod*(—0)(0) = {—1,1} and cod*(—T)(0) = {0}. One
can easily verify that, there exist 39 = 1, 3% = 1 and 3Y = 1 such that the feasible point Z = 0 is a GA- stationary
point and Z = 0 is a global optimal solution for the given primal problem SIMPEC. Hence the assumptions of the
Theorem 2, are satisfied.

4. Duality

In this section, we formulate and study a Wolfe type dual problem for SIMPEC using 0*-p-invexity. We also
formulate Mond-Weir type dual problem and study SIMPEC using 0*-p-invexity and generalized 0*-p-invexity
assumptions.

The Wolfe type dual for the problem SIMPEC is formulated as follows:

m D 1
WD(i) max {F(z) + Bz t) + > phhe(2) = Y [BERi(2) + B Ti(2)] }
=1 r=1 =1

2,8,

subject to :

P

0 € cod"F(z) + Z,B cod*g(z,t;) + Z [choa*hr(z) + ’cho@*(—h,«)(z)]
i=1 r=1

l
+Z (87 cod™ (—@:)(2) + B cod* (— W) ()] ,

By =0, (i=1,2,...,m), f, ’yff}(), (r=1,2,...,p),
51\11’,),?,%\11/0’ (2:1727---71);
B =By =8 =% =0,Viea, 7 =0, =0, (10)
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where, pl' = Bl — 41, 3 = (B9, 8", 3, BY) € RFHPH2 o = (41 4% 4¥) € RPF2 and ty,ts, ..., bty € Ty, m <
n+1.

Theorem 3

(Weak Duality) Let & be feasible for SIMPEC, (z,3) be feasible for the dual WD and the index sets
Ty, 6, o, k are defined accordingly. Suppose there is a real number p # 0 such that F, g(.,t) (t € T), £h, (r =
1,2,...,p), —®;, (i€dUa), —¥,; (i € U k) admit bounded upper semi-regular convexificators and are 9*-p-
invex functions at z, with respect to the common kernel 7. If ai’ u ag’ U 6;* U Hj = ¢, then for any «x feasible for
the SIMPEC, we have

l

+259 (2,t:) +Zp§}h =Y [BE®i(2) + 8] Wi(2)] .

i=1

Proof
Suppose that x be any arbitrary feasible point for the SIMPEC. It follows that

g(z,t) <0, VieTand h.(z) =0, r=1,2,...,p

Since F'is 0*-p-invex at z, with respect to the kernel 7, we have

—_

Flz) = F(z) > €, ) —1), V£ € 9" F(2). (11)
Similarly,
g(matl) - g(zvt’b) > 11)<€f76p7](7;,z) - 1>7 Vﬁf S 8*g(zati)7 th S Tg(®)7 (12)
ho(x) — he(2) > ;<<T,ep’7<r»Z> — 1>, V¢ €0 h(2), Yr={1,2,...,p}, (13)
—hp(z) + hp(2) > ;<W,em<w — 1>, Y, € 8 (—h.)(2), Vr=1{1,2,...,p}, (14)
—B;(x) + Pi(2) = ;<§?,ef’"<%2> — 1>, VEX € 0F (=) (2), ViedUa, (15)
—0,(2) 4+ Uy(2) > ;<§§”,ew(f=2> - 1>, Ve € 0" (—0y)(2), Vi€ aUr. (16)

If o?UayUdl Ukl =@, then multiplying (12)-(16) by B/ >0 (i=1,2,....,m), Bl>0 (r=
L,2,...,p), Y >0(r=1,2,....p), B2 >0(i €Ua), B¥ > 0(i € aU k), respectively and adding (11)- (16),
it follows that

m m p p P
2+ 3 Blglast) = 3 Blg(et) + 3 Blhe(a) = 3 B (2) — 3 Al (x)
i=1 r=1 r=1 r=1

=1

l

P l l l
D Arhe(z) = D BFOi(x) + Y BIRi(2) = D> B W) + Y B W(2)
r=1 i=1 i=1 =1

i=1

l
<5 + Z BIEY + Z [BIG +atwe] + ) [BEE! + €N e — 1>.

i=1

’U\H
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From (10), 3 £ € cod*F(z ), £ € cod*g(z,t;) (ti €T,), (€ cod*hp(2), by € cod*(—h,)(2), €2 €
c0d*(—®;)(z) and €Y € cod*(—¥;)(z), such that
!
£+ Zﬁgfg + Z (B2 + ko] + > [BRE + BFE] =0.
i=1
Therefore,
m m P P P
2+ Y Blgla,ts) =Y Blg(zti) + > Blhe(z) = > Blhe(2) = Y Alhe(z)
=1 i=1 r=1 r=1 r=1
p l l
+ Arhe(z) =Y B +Zﬂ% ZBW 2)+ Y BIi(2) 20
r=1 i=1 i=1
Using the feasibility of « for SIMPEC, i.e., g(z,t;) < 0, h,.(x) =0, ®;(z) > 0, U;(z) > 0, it follows that
m P p 1 1
= Bg(zt:) = Y Brhe(z) + D> rhe(z) + > BFRi(2) + > B Wi(2) 2 0
i=1 r=1 r=1 i=1 i=1
Hence,
m p l
F(x) 2 F(2) + ) Blg(zt) + ) prhe(2) = Y [B®i(2) + B Wi(2)]
i=1 r=1 i=1
where, p!" = 8" — ~". This completes the proof. O
Theorem 4

(Strong Duality) Let = be a local optimal solution of SIMPEC and let F' be locally Lipschitz near . Suppose
that F, g(.,t) (t€T), £h.(r=1,2,...,p),—®;(i € §Ua),—¥,;(i € @ U k) admit bounded upper semi-regular
convexificators and are 0*-p-invex functions at & with respect to the common kernel n and for the same real
number p # 0. If GS-ACQ holds at Z, then there exists 5 = (39, 5", 3%, 3Y) € RF2+2L such that (&, /) is an
optimal solution of the dual WD and the respective objective values are equal.

Proof
Since, & is a local optimal solution of SIMPEC and GS-ACQ is satisfied at z, now, using Corollary 1,
3 B=(p9,B", 3%, BY) e RFPHA 5 € (34,53%,3%) € RPT2 and indices t1,ta,...,tm € Ty(Z), m <n+ 1,

such that GS-stationarity conditions for SIMPEC are satisfied, that is, 3 £ € cod* F(Z), 5 € cod*g(&,t;), Cr €
c00*h (%), Dy € cod*(—h,) (), 2 € cod*(—®;) () and Y € cod* (—T;)(&), such that

l

f+2/39§g+2 [Bree+arm] + 3 [Brer +BIET] =0,

r=1 =1

6? ,(1212...77%), T’,yr /0, (7":1,27~~-,P),
é 6??7??7?/07 (i:1727"'7l))
Br =By =4t =3 =0,Viea, 57 =0, 7 =0.

Therefore (7, B) is feasible for the dual WD. Now, using Theorem 3, we obtain

l

F(i +Zﬂg (2.t:) +Zpﬁh =D _[Brei(e) + BV Wil2)] (17)

i=1

Stat., Optim. Inf. Comput. Vol. 11, June 2023



B.C. JOSHI 649

where, pl' = " —~" for any feasible solution (z,3) for the dual WD. Using the feasibility condition of
SIMPEC and dual WD, that is, for t; € Ty(Z), ¢g(Z,t;) =0, h(Z) =0,(r=1,2,...,p), ®;(Z)=0,ViecdU
a, and ¥,;(z) = 0,Vi € o U &, then, we have

!
F(& +Zﬁgazt +Zﬁfﬁh (@)=Y [Bri() + Bl wi(2)] (18)
i=1
where, pi" = 8" — 4". Using (17) and (18), it follows that

l

+Zﬂg (%,t;) +Zp?h ) = > [BROi(E) + B Wi(3)]

i=1
l

+Zﬂg 2t +Zpifh =Y [BP®i(2) + B Wi(2)]

=1

Hence, (Z, B ) is an optimal solution for the dual WD and the respective objective values are equal. This completes
the proof. O

Now, we formulate the Mond-Weir type dual problem (MWD) for SIMPEC and establish duality theorems using
convexificators.

MWD(z) max F'(z)
2,857
subject to:
m P
0 € co0"F(z) + Z BYcod* g(z,t;) + Z [Blrcod* by (2) + v cod* (—h,)(z)]
i=1 r=1

l
Z (B8 cod™ (—@;)(2) + BY cod™ (—0;)(2)]

g(z tl)EO(t € T,(z)), he(z)=0(r=1,2,...,p),
®,(2) <0(i€dUa), Ui(2) <0 (i € aUr),
BI=0(i=1,2,...,m), B Al >00r=1,2,...,p),
LB = 06=1,2,...,0),
B =08 =8 =7 =0Viean =0, =0, (19)

where, 8 = (89, 8", %, BY) € REFPH2 o = (41, 4% AY) e RPF2 and ty, by, ... by € Ty(E), m <n+1.

Theorem 5

(Weak Duality) Let & be feasible for SIMPEC, (z, ) be feasible for the dual MWD and the index sets T}, d, o, x be
defined accordingly. Suppose that F,g(.,t) (t € T),+h,.(r=1,2,...,p),—P;(i € 6 U«),—V;(i € U k) admit
bounded upper semi-regular convexificators and are 0*-p-invex functions at z, with respect to the common kernel
71 and for the same real number p # 0. If aﬁf U a‘wl’ U 5j U mj = &, then for any x feasible for SIMPEC, we have

Proof
Since F'is 0*-p-invex at z, with respect to the kernel 7, then, we have
1
F(z)—F(z) > 5(5, P12 1), V€ € 9 F(2). (20)
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Similarly, we have

o) =gzt > (61,65 ~1). Vel € 0g(ant), V€T, e
ho(z) — ho(2) = %(g,el’ﬂw) - 1>, V¢ € O ho(2), Y ={1,2,....p), (22)
—hp (@) + By (2) > %@ eP(@:2) _ 1>, Y, € 05 (—h)(2), ¥r={1,2,....,p, 23)

— B, () + By (2 ;<§ epﬂ<“>—1>, VEY € 9% (~;)(2), ViedUa, 4)
CWi(2) + Ti(2) > %(gf,em@@ ~1), Ve e (-w)(z), Vicaun. 25)

If of Uy U6T Ukt = @, multiplying 21)-25) by 8/ >0 (i =1,2,...,m), 8 >0 (r=1,2,...,p), 7' >
0(r=1,2,...,p), B2 >0(i€dUa), BY >0 (i € aUk), respectively and adding (20)-(25), we obtain

2+ Y Blglat) =Y Blg(zt) + Y Blhe(@) =Y Blhe(z) = > hi()
=1 i=1 r=1 r=1 r=1

l l l

P l
+ D rhe(2) = DB Ri(@) + Y BRi() = DB Wilw) + Y B Wi(2)

=1 =1 =1
l
<£ + Z BIEY + Z B +At] + > [BRer +BYEY] e — 1>.
r=1 =1

From  (19), 3 € € cod*F(2), €9 € cod*g(z,t;), ¢y € cod*hy(2), Uy € co0*(—hy)(z), £
cod*(—®;)(z) and & € cod*(—¥;)(z), such that

l

£+ Zﬁ%g i+ Z (B2 + ko] + > [BFER +BYEY] =0

r=1 i=1
Therefore,

24> Bl t) =Y Blalzti) + Y Blhe(z) = > Blhe(z) = > lhe(x)
i=1 r=1 r=1 r=1

i=1

P l l
+Y rhe(z) =Y B +Zﬂ% Zﬂw + 3 BYi(2) > 0.
r=1 i=1 i=1
Using the feasibility of = and z for SIMPEC and MWD, respectlvely, we obtain
This completes the proof. U

Theorem 6

(Strong Duality): Let & be a local optimal solution of SIMPEC and let F' be locally Lipschitz near Z. Suppose
there is a real number p # O such that F, g(.,t) (t € T), £h, (r=1,2,...,p), = ®; (i €U ), =¥, (1 € ® Uk)
admit bounded upper semi-regular convexificators and are 0*-p-invex functions at & with respect to the common
kernel 7. If GS-ACQ holds at Z, then there exists 3, such that (Z, ,5’) is an optimal solution of the dual MWD and
the respective objective values are equal.
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Proof
Since, = is a local optimal solution of SIMPEC and the GS-ACQ is satisfied at i;, now using Corollary
1,3 8= (B9,p" % BY) e RFPH2 5 € (37 4% 37) € RP+2 and indices t1,ta, ...ty € Ty(Z), m <n+1,

such that the GS-stationarity conditions for SIMPEC are satisfied, that is, 3 € € cod* F (%), 5 € c0d*g(&,t;), r €
c0d*h(Z), Dy € cod* (—h, ) (), €2 € cod*(—®;)(z) and £Y € cod* (—U;)(&), such that

m P 1
oD B+ 2 [P it + 2 [PHEY 4 Y] =0
= r=1 i=1

ﬂ9>0(z:12...,m), ghoah >0, (r=1,2,...,p),
61\Pa7;ba77,\1} Oa (i:1727"'7l)7
B‘I’ By =42 =4y =0,Viea, 78 =0, 7% =0.

Since T is an optimal solution for SIMPEC, we have

l
Zﬁg —OZBh —OZB<I> ) =03 BYwi(#) =0.
=1

Therefore (z, () is feasible for MWD. By Theorem 4.3, for any feasible (z, 3), we have

F(z) > F(2).

It follows that (, 3) is an optimal solution for MWD and the respective objective values are equal. This completes
the proof. O

Now, we establish weak and strong duality theorems for SIMPEC and its Mond-Weir type dual problem (MWD)
under generalized 0*-p-invexity assumptions.

Theorem 7

(Weak Duality) Let 2 be feasible for SIMPEC, (z, ) be feasible for the dual MWD and the index sets Ty, J, i, &
are defined accordingly. Suppose that F' is 9*-p-pseudoinvex at z, with respect to the kernel n and g(.,t) (¢t €
T), £h, (r=1,2,...,p), =®; (i € 6 Ua), —¥; (i € a U k) admit bounded upper semi-regular convexificators
and are 0*-p-quasiinvex functions at z, with respect to the common kernel 7 and for the same real number p # 0.
If o Uy Udt Ukd = @, then for any x feasible for the problem SIM PEC, we have

Proof
Suppose that for some feasible point x, such that F'(x) < F(z), then by 0*-p-pseudoinvexity of F' at z, with respect
to the kernel 7, we have

%@, P2 1) <0,V € € 9°F(2). (26)
From  (19), 3 £€cod F(z), €& ccod*g(zt;), (€ codho(z), bp€cod*(—h)(z), €E2e
cod*(—®;)(z) and £ € cod*(—¥;)(z), such that

P

=Y B =D (BRG] =) BREE =D BYE € 0°F(2). 27)

i=1 r=1 U aUk

By (26), we have

m P
1< (Z BIET+ Y B +roe] + ) BRER+ Y BYEN ) ,ern(es) — 1> > 0. (28)

p i=1 r=1 U aUk
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For each t; € T,, g(x,t;) <0 < g(z,t;). Hence, by 0*-p-quasiinvexity, it follows that

1
p<g§,ep’7<w’2> - 1> <O,VE € gz, ts), Vi €T,

Similarly, we have

1<§T,e’”7(””’z) — 1> <0,Y¢ €0he(2), Vr={1,2,...,p}
p

For any feasible point z of the dual MWD, and for every r, —h,.(z) = h,(x) = 0. On the other hand, —

—®;(2),Vi € 6 U, and —¥;(z) < —V,(2),Vi € a U k. By 9*-p- quasiinvexity, we have

1
<Vr,ep”(x’z) - 1> <0, Vv, €0 (=hy)(2), Vr={1,2,...,p},
p

1

;<g‘b ePn(@:2) _ 1> 0,V &P € 0°(—®;)(2),ViedUa,
<g em(“>—1><ovg € 0" (=) (2),Vi € aUk.

p
From Egs, (29)-(33), we have
1 cg (x,2) .
~( &, ernt —1> <0, (i=12...,m),
p

1<§T’6pn(x,z) _ 1> <0, 1<17r,e’”7(’”7z) _ 1> <0, (r=1,2,...,p),
p p

1/~ 1/
<§?,ef’”(“> — 1> <0,ViedUa, <§§“,ef”7<f=2> — 1> <0,ViecaUk.
p P

: @ US4 ) ot —
Since ay Uay U6y Uky = I, we have

1/ = oo a
<Zﬂf§g’epn(m,z) 1> <Z BhCTJF'Y Vr epn(:c,z) 1> <0,
p

i=1 r=1
1 ZB‘I’ ,ePn(@z) <0, 1 Z BYEY ern2) _ 1) 0.
p uret p aUk

Therefore,

<<ZB9§9+Z BhCr+7rVT +Zﬁ<l>§z +Z/B‘lf > 6177712) >§O

SUa aUk

which contradicts (28). Hence F'(z) > F(z). This completes the proof.

Theorem 8

(29)

€1V

(32)

(33)

O

(Strong Duality) Let Z be a local optimal solution of SIMPEC and let £ be locally Lipschitz near z. Suppose that
F' is 0*-p-pseudoinvex at Z, with respect to the kernel 7, further ¢(.,t) (t € T), +h, (r=1,2,...,p), —®; (i €

dUa), —=¥; (i € U k) admit bounded upper semi-regular convexificators and are 9*-p- quasnnvex functions at
Z with respect to the common kernel 7. If GS-ACQ holds at Z, then there exists f3, such that (z, B) is an optimal

solution of the dual MWD and the respective objective values are equal.
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Proof
The proof follows on the lines of the proof of Theorem 4.4 by using Theorem 4.5. O

S.

Conclusion

We have studied SIMPEC and established sufficient optimality condition under generalized invexity assumptions.
We have introduced Wolfe and Mond —Weir type dual models for the SIMPEC in the framework of convexificators.
We have established weak and strong duality theorems relating to the SIMPEC and two dual models using 0*-p-
invexity, 0*-p-pseudoinvexity and 9*-p-quasiinvexity assumptions.
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