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1. Introduction

A variety of non-stationary and long memory time series models are introduced and investigated by researchers in
the past decade (see, for example, papers by Dudek and Hurd [9], Johansen and Nielsen [24], Reisen et al.[44]).
Such models are used when analyzing data which arise in different field of economics, finance, climatology, air
pollution, signal processing.

Since the book by Box and Jenkins (1970), autoregressive moving average (ARMA) models integrated of order
d are standard models used for time series analysis. These models are described by the equation

¢(B)(1 - B)wy = 0(B)ey, (1)

where €, t € Z, is a sequence of zero mean i.i.d. random variables, ¢(z), 8(z) are polynomials of p and ¢ degrees

respectively with roots outside the unit circle. This integrated ARIMA model is generalized by adding a seasonal

component. A new model is described by the equation (see new edition of the book by Box and Jenkins [6] for
detailes)

U(B%)(1 — B*)Px; = O(B®%)ey, )

where ¥(z) and ©(z) are polynomials of degrees of P and () respectively which have roots outside the unit circle.

When an ARIMA sequence determined by equation (1) is inserted in relation (2) instead of £; we have general

multiplicative model
W(B)(B)(1 = B)(1 = B) 2, = ©(B*)0(B)e: 3)
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with parameters (p, d, q) X (P, D, Q)s, d, D € N*, called SARIMA (p, d, q) x (P, D, Q) model.

A good performance is shown by models which include fractional integration, that is when parameters d and D
are fractional. When |d + D| < 1/2 and | D| < 1/2, a process described by equation (3) is stationary and invertible.
We refer to the paper by Porter-Hudak [43] who studied seasonal ARFIMA models and applied them to the
monetary aggregates used by U.S. Federal Reserve.

Closely related to fractionally integrated ARMA and GARMA processes described by equation

(1—2uB + B2, =¢;, |ul <1. )

is SARFIMA process. These processes were introduced and studied by Granger and Joyeux [15], Hosking [21],
Andel [1], Gray et al. [17] in order to model long-memory stationary time series. Fractionally integrated models are
a powerful tool for studying a variety of real world processes. For the resent works dedicated to statistical inference
for seasonal long-memory sequences, we refer to Arteche and Robinson [2], who applied the log-periodogram and
Gaussian or Whittle methods of memory parameters estimation for seasonal/cyclical asymmetric long memory
processes with application to UK inflation data, and also Tsai, Rachinger and Lin [48], who developed methods
of estimation of parameters in case of measurement errors. Baillie, Kongcharoen and Kapetanios [4] compared
MLE and semiparametric estimation procedures for prediction problems based on ARFIMA models. Based on
simulation study, they indicate better performance of MLE predictor than the one based on two-step local Whittle
estimation. Hassler and Pohle [20] (see also Hassler [19]) assess a predictive performance of various methods of
forecasting of inflation and return volatility time series and show strong evidences for models with a fractional
integration component.

Another type of non-stationarity is described by stochastic processes with time-dependent spectrum. A wide
class of processes with time-dependent spectrum is formed by periodically correlated, or cyclostationary, processes
introduced by Gladyshev [13]. These processes are widely used in signal processing and communications (see
Napolitano [39] for a review of recent works on cyclostationarity and its applications). Periodic time series may
be considered as an extension of a SARIMA model (see Lund [30] for a test assessing if a PARMA model is
preferable to a SARMA one) and are suitable for forecasting stream flows with quarterly, monthly or weekly
cycles (see Osborn [40]).

Baek, Davis and Pipiras [3] introduced a periodic dynamic factor model (PDFM) with periodic vector
autoregressive (PVAR) factors, in contrast to seasonal VARIMA factors.

The models mentioned above are used in estimation of model’s parameters and forecast issues. Meanwhile a
direct application of the developed results to real data may lead to significant increasing of errors of estimates due
to presence of outliers, measurement errors, incomplete information about the spectral, or model, structure etc.
From this point of view, we see an increasing interest to robust methods of estimation that are reasonable in such
cases. For example, Reisen, et al. [45] proposed a semiparametric robust estimator for fractional parameters in the
SARFIMA model and illustrated its application to forecast of sulfur dioxide SO; pollutant concentrations. Solci at
al. [47] proposed robust estimates of periodic autoregressive (PAR) model.

Robust approaches are successfully applied to the problem of estimation of linear functionals from unobserved
values of stochastic processes. The paper by Grenander [16] should be marked as the first one where the minimax
extrapolation problem for stationary processes was formulated as a game of two players and solved. Hosoya
[22], Kassam [25], Franke [10], Vastola and Poor [49], Moklyachuk [33, 34] studied minimax extrapolation
(forecasting), interpolation (missing values estimation) and filtering (smoothing) problems for stationary sequences
and processes. Recent results of minimax extrapolation problems for stationary vector-valued processes and
periodically correlated processes belong to Moklyachuk and Masyutka [35, 36] and Moklyachuk and Golichenko
(Dubovetska) [7] respectively. Processes with stationary increments are investigated by Moklyachuk and Luz
[31, 32]. We also mention works by Moklyachuk and Sidei [37, 38], who derive minimax estimates of stationary
processes from observations with missed values. Moklyachuk and Kozak [29] studied interpolation problem for
stochastic sequences with periodically stationary increments.

In this article, we present results of investigation of stochastic sequences with periodically stationary long
memory multiple seasonal increments motivated by articles by Dudek [8], Gould et al. [14] and Reisen et al.
[44], who considered models with multiple seasonal patterns for inference and forecasting, and Hurd and Piparas
[23], who introduced two models of periodic autoregressive time series with multiple periodic coefficients.
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686 FORECASTING OF SEQUENCES WITH PERIODICALLY STATIONARY SEASONAL INCREMENTS

In Section 2, we give definition of generalized multiple (GM) increment sequence X(ﬁd%(g (m)) and introduce

stochastic sequences ¢(m) with periodically stationary (periodically correlated, cyclostationary) GM increments.
Such kind of non-stationary stochastic sequence combines periodic structure of the covariation function of the
sequences as well as multiple seasonal factors, including the integrating one. The section also contains a short
review of the spectral theory of vector-valued GM increment sequences. Section 3 deals with the classical
estimation problem for linear functionals A¢ and Ax( which are constructed from unobserved values of the
sequence ¢ (m) when the spectral structure of the sequence ¢ (m) is known. Estimates are obtained by representing
the sequence ((m) as a vector sequence 5 (m) with stationary GM increments and applying the Hilbert space
projection technique. An approach to forecasting in the presence of non-stationary fractional integration is
discussed in Section 4. Section 5 contains examples of forecasting of particular models of time series. In Section
6, we derive the minimax (robust) estimates in cases, where spectral densities of sequences are not exactly known
while some sets of admissible spectral densities are specified which are generalizations of the corresponding sets
of admissible spectral densities described in a survey article by Kassam and Poor [26] for stationary stochastic
processes.

2. Stochastic sequences with periodically stationary generalized multiple increments

2.1. Definition and spectral representation of a periodically stationary GM increment

In this section, we present definition, justification and a brief review of the spectral theory of stochastic sequences
with periodically stationary multiple seasonal increments. This type of stochastic sequences will allow us to deal
with a wide range of non-stationarity in time series analysis.

Consider a stochastic sequence {n(m), m € Z}. By B,, denote a backward shift operator with the step u € Z,
such that B,,n(m) = n(m — p); B := B;. Recall the following definition [32, 42, 52].

Definition 2.1
For a given stochastic sequence {n(m), m € Z}, the sequence

o) = (1= B"aon) = 31 (7}t = 1, ®)

where (’;) = u(%lz)" is called stochastic nth increment sequence with a step 1 € Z.

Note that in Definition 2.1, the step parameter p is not fixed and varies over the set Z. The introduced increment
sequence (5) is applicable for describing the integrated stochastic sequence (1). The varying step p provides a
flexibility of the integrated sequences. For instance, let a sequence x,,, satisfy the equation

T = Tm—1+Em + AEm—1-
Then the p-step increment
pn—1
Tm — Tm—p = Z(Im—k: - zm—k—l)
k=0
is stationary as a sum of stationary 1-step increments. To deal with seasonal time series (2) we need to extend
definition of stochastic increment sequence as follows.

Definition 2.2
For a given stochastic sequence {n(m), m € Z}, the sequence

0, = (1= B n(m) = S0 () tm — 1) ©

=0

is called stochastic seasonal increment sequence with a fixed seasonal parameter s € N* = N\ {0} and a varying
step p € Z.
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Remark 2.1
For s = 1, under the seasonal increment n§”) (m, 11) we understand the increment (™ (m, 1) from Definition 2.1.

We mention the following properties of the seasonal increment sequence ng")(m, 1), which will be used for
proving Theorem 2.2:

n{(m,—p) = (=1)"n{™ (m + nps, p), (7
(p—1)n
nMmop) = Y A (m—ls,1), p>0, ®)
where {4;,1 =0,1,2,...,(u — 1)n} are coefficients from the representation
(p—1)n
(I+a+...+27h Z Ay

General multiplicative model (3) [6] indicates the necessity of dealing with increments of different seasonal
parameters. Moreover, for each season factor at each differencing order it is possible to make different steps

by applying the operator (1 — B}, )-...- (1 — B, ) instead of (1 — B})". Thus, the following generalization is
reasonable.
Definition 2.3
For a given stochastic sequence {n(m), m € Z}, the sequence
d d S S Sr\ar
Xiaa(1(m)) = g3 (Byn(m) = (1= Bi)™ (1= Biz)® .- (1= Bi)*n(m)
d1 d,,.
d d,
=D D (e () nim — pasily — -+ — ppesply) )
L=0  1,=0 h br

is called stochastic generalized multiple (GM) increment sequence of differentiation order d := d; +dz + ... + d,
d=(di,ds,...,d.) € (N*)", with a fixed seasonal vector s = (s1,52,...,5.) € (N*)" and a varying step 1 =
(1, p2y .oy pir) € (N*)"or € (Z\N)".

Example 2.1

Seasonal autoregressive integrated moving average (SARIMA) model {x.,,, m € Z} with multiple period is defined
by the difference equation

fB)dﬁcbi(Bsi) B H@ (B*)em,
=1

where all roots of polynomials ¢(z), 8(z), ®;(z), ©;(z) lie outside the unit circle, 1 < s; < ... < s,.. The sequence

Ym = (1 — B)4[[;_, (1 — B*#)dix,, is stationary in this case and we can define a GM increment sequence

(d) (d) _
Xp.5(@m) such that Xig(xm) = Ym, m € L.

Let ~ denotes a triple (7,3,d). For i =1,2,...,r, j € Z define coefficients M7 := [ﬁ} and I/ :=I{j
mod p;8; = 0}, where I{-} is the indicator function, and notations n; := p;s;d;, (3,7, d)s, := Zle piSid; =
Zle ni, n(y) := (3,1, d),. Denote the maximun of two numbers as x V y and the minimum as x A y.

Lemma 2.1
The multiplicative increment operator X(ﬁcg(B) admits a representation

r n(7y)
(d sl d;
By =] -B5)% = ek
=1 k=0
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ey(k) = Z Z

Emd) e Ak () r 2 Akp 1 (5,18,d) 1 Aka <
kr—1=0Vk,—n, kp_2=0Vk,_1—np_1 k1=0Vks—no

AR T keh o T di
(—1) i=1 M; HIZ 1 H (Mkl]ﬁl)) )
i=1

i=1 ¢

where kg := 0, k, := k.

Proof
See Appendix. 0
Definition 2.4
A stochastic GM increment sequence X(ﬁd%(n(m)) generated by a stochastic sequence {n(m), m € Z} is wide sense
stationary if the mathematical expectations
EX2n(mo) = ¥ (@),
Exg, =(n(mo + m)xgz) <(n(mo)) = D& (miiy, Jiy)

exist for all mg, m, [, i1, {1, and do not depend on my. The function agd) (1z) is called mean value and the function

Déd) (m; Tiq, io) is called structural function of the stationary GM increment sequence.
The stochastic sequence {n(m), m € Z} determining the stationary GM increment sequence x(ﬁcg(n(m)) by (9) is
called stochastic sequence with stationary GM increments (or GM increment sequence of order d).

The following theorem is a generalization of the corresponding theorem for stochastic increment sequence
0@ (m, p) [32, 511

Theorem 2.1

The mean value and the structural function of the stochastic stationary GM sequence x(d)

<(n(m)) can be represented

7,
in the forms
D@ = c]]ud, (10)
=1
@ T imo @ —iay (@) ix 1
D3 (miqiy, pg) = /,,e Xz, (€77 )xg, (e )WdF()\)a (11
where
J ‘ r ‘ ro s/
(e = [[a—e ey pDaxy =T T X - 2mik;/s)%,
j=1 =1 ky=—1s,/2)

¢ is a constant, F'(\) is a left-continuous nondecreasing bounded function. The constant ¢ and the function F'(\)
are determined uniquely by the GM increment sequence x(ﬁcg(n(m)).

On the other hand, a function céd) (1) which has form (10) with a constant ¢ and a function Déd) (m; fq, fig) Which

has form (11) with a function F'(\) satisfying the indicated conditions are the mean value and the structural function

of a stationary GM increment sequence X(ﬁ‘g(n(m)).

Proof
See Appendix. U

Note that by the spectral function and the spectral density of a stochastic sequence with stationary GM
increments, we will call the spectral function and the spectral density of the corresponding stationary GM
increment sequence. Representation (11) and the Karhunen theorem [27, 11] imply the spectral representation

of the stationary GM increment sequence X(ﬁd%(n(m))

1

) = [ D) iz (=
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where Z, () () is a stochastic process with uncorrelated increments on [, 7) connected with the spectral function
F(\) by the relation

E|Z,w (A2) = Zyw (A)]? = F(A2) = F(A1) <00, —m<A <<

Finally, we are ready to give a definition of periodically stationary GM increment sequence.

Definition 2.5
A stochastic sequence {{(m),m € Z} is called stochastic sequence with periodically stationary (periodically
correlated) GM increments with period 7" if the mathematical expectations

d d d .
Ex\s(Cm+T)) = Exn(¢(m)) = ¢ (m, 1),
Ex o (COm+ TN oGk +T)) = DY2(m+ Tk + Ty, i) = DY (m, ks Ty, Tio)

exist for every m, k, i, iy and 7' > 0 is the least integer for which these equalities hold.

It follows from Definition 2.5 that the sequence

&(m)=¢mT +p-1), p=12,....T;, mecZ (13)
forms a vector-valued sequence &(m) = {&(m)},_1 5 1 .m € Z with stationary GM increments as follows:
hooo& d d
d o [(da :
KDy m) = }:.u§j<1ﬂﬁ+l<h>- '(h>§mnuwﬂ1~-quﬁ

L=0  1.=0

hooo& d d

= Y () ()= i e s )T 4 )
=0  1.=0 "

= X(ﬁ‘f)ﬁ(ﬁ(mTer— 1), p=12,...,T,

where X(ﬁ(f%(gp(m)) is the GM increment of the p-th component of the vector-valued sequence &(m). The following
theorem describes a spectral representation of the sequence 5 (m).

Example 2.2

Define a periodic seasonal autoregressive integrated moving average model (PSARIMA) {X,,,m € Z}, with

multiple seasonal patterns by relation

$m(B)(1 = BT [[ ®im(B)(1 = B™*)% X, = 0, (B) [ [ O (B)em,
i=1 i=1

where all polynomials ¢, (2), 0,,(2), ®i.m(2), O;m(2) are T-periodic by parameter m functions, 1 < s1 < ... <
s,. Define

D, () = ¢m(z)H¢i7m(z):Z©nL(k)zk,

@

3

O
i

Om(2) [ [ O1m(2) =D O (k)2
i=1
and put ®,,,(k) = 0 for k& > q1, ©,,,(k) = 0 for k& > ¢o. Then the increment sequence
Y, = (1 — BT)¢ H(l — BTsiydix
i=1
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is periodically stationary and allows a stationary vector representation

i=1

with
Ym == (YmTa YmT—Q—la ey YmT—Q—T—l)Ta Xm = (XmT7 XmT—Q—la cee 7XmT+T—1)T7

Em = (EmTs EmT 41, - - - ,smTJrT,l)T. We can write the relation

q1 a2
IrY,, + Z LY., = Een + Z Elgm—la
1=1 =1
where II(k,j) = ®x(k — j), E(k,j) = Or(k —j) for k> j, II(k,j) =0, E(k,j) =0 otherwise. II;(k,j) =
Op(IT +k —j5), Bi(k,j) = O,(IT + k — j) [9], provided det(IT+ > /1 II;z') #0 for |2| <1 [18]. A GM
increment sequence is defined as

X (Xn) = (1 — Bro dH — BE X, m e L.

Theorem 2.2
The structural function Déd) (m; @y, y) of the vector-valued stochastic stationary GM increment sequence

X(ﬁ %(f (m)) can be represented in the form

1

WCZF()\% (14

d — = " iam. (d —1 d i
DO i i) = [ e e M e

where F'()) is the matrix-valued spectral function of the stationary stochastic sequence X(d) (£(m)). The stationary

GM increment sequence x(ﬁ%(g (m)) admits the spectral representation

1

mc@@ (), (15)

e = [ Tt ()

where ng (A) ={Z,(\)}]_, is a (vector-valued) stochastic process with uncorrelated increments on [—m, )

connected with the spectral function F'()\) by the relation
E(Zp()‘Q) - ZP(AI))(ZqOQ) —Z, ()‘1)) qu()‘Z) qu()‘l)7
—r< M <X<m pqg=12,...T.

2.2. Moving average representation of periodically stationary GM increment

Denote by H = Lo (£, F, P) the Hilbert space of random variables ¢ with zero first moment, E¢ = 0, finite second
moment, E[¢|? < oo, endowed with the inner product (¢, ) = E¢7. Denote by H(£(49)) the closed linear subspace

of the space H generated by Components {X(d)( »(m)),p=1,...,T; m € Z} of the stationary stochastic GM
(d)

increment sequence {<d> = {x5 (& , @ > 0, and denote by H(¢ () the closed linear subspace generated
n,s\5P p 1

by components {x(;g(gp(m)), p=1,...,T; m < q}, q € Z. Define a subspace
g'(d) m H4 g(d
qE€Z
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of the Hilbert space H(£(4)). Then the space H (£(%) admits a decomposition
H({) = S(£) & R(E™),
where R(£(9) is the orthogonal complement of the subspace S(£(@) in the space H (£(®).
Definition 2.6
A stationary (wide sense) stochastic GM increment sequence X (_’( ) = {x(d)( »(m))}, I”_ is called regular if
H(EW) = R(£D), and it is called singular if H (@) = (f(d)).

Theorem 2.3 B
A stationary stochastic GM increment sequence X ( (m)) = {X(d)( &p(m))}_, is uniquely represented in the
form

d d d
Xioa(Ep(m) = xGia(6s p(m)) + x5 5 (Emp(m)). (16)
where X (53 »(m)),p=1,...,Tis aregular stationary GM increment sequence and X(ﬁfg(gsm(m)),p =1,...,T
isa s1ngu1ar stationary GM increment sequence. The GM increment sequences X(ﬁ'f)g(f rp(m)),p=1,...,T and

X[L 5(55 »(m)),p=1,...,T are orthogonal for all m, k € Z. They are defined by the formulas

XD (€sp(m)) = EXSL(E(m))|S(ED)],
X erpm) = XDEm) — x(sp(m)), p=1,....T.

Consider an innovation sequence &(u) = {ex(u)}i_,,u € Z for a regular stationary GM increment

X(ﬁ‘g(é rp(m)),p=1,...,T, namely, a sequence of uncorrelated random variables such that Eey(u)g;(v) =
8kjiOuvs Elex(w)? = 1,k,j =1,...,q;u € Z, and H™ (D) = H(&) holds true for all r € Z, where H" (&) is the
Hilbert space generated by elements {e(u) : k =1,...,¢;u <1}, di; and d,, are Kronecker symbols.

Theorem 2.4

A stationary GM increment sequence X( )(f (m)) is regular if and only if there exists an innovation sequence
&(u) = {ex(u)}}_,,u € Z and a sequence of matrix-valued functions (¥ (k, i) = {<p§?)(k,ﬁ)}3:11;;, k > 0, such
that ’

oo

ZZZW’ 2 <00, X (Em) =D oDk, mEm — k). a7

k=0 i=1 j=1 k=0
Representation (17) is called the canonical moving average representation of the stochastic stationary GM
increment sequence X( ) (§ (m)).

The spectral function F'(A) of a stationary GM increment sequence X( )(5 (m)) which admits the canonical
representation (17) has the spectral density f(\) = {fi;(\)}F j—1 admitting the canonical factorization

) = @(em™M)@*(e™™), (18)

where the functlon ®(2) =Y pey(k)z" has analytic in the unit circle {z:[z] <1} components ®;;(z) =
Zk:o wij(k)2*i=1,. T ijg=1,. ..7q Based on moving average representation (17) define

a(2) =YDk, w2k = ou(k)
k=0 k=0

Then the following relation holds true:
|X(d)( 71)\)‘2 r ‘1—67i)‘“331’2dj

Ee ) = T S0 =1 125 g 2 = 2wk

f). 19

We will use the one-sided moving average representation (17) and relatlon (19) for finding the mean square
optimal estimates of unobserved values of vector-valued sequences with stationary GM increments.

Stat., Optim. Inf. Comput. Vol. 8, September 2020
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3. Hilbert space projection method of forecasting

3.1. Forecasting of vector-valued stationary GM increment

Consider a vector-valued stochastic sequence with stationary GM increments 5( ) constructed from the
sequence ((m) with the help of transformation (13). Let the stationary GM increment sequence x( )(5 (m)) =

{Xftdl( &p(m))}L_, has an absolutely continuous spectral function F'(X) and the spectral density f(\)=

{fi5(M)}] ;=1 Without loss of generality we will assume that EX( )(5( )) =0and z > 0.
Consider the problem of mean square optimal linear estlmatlon ‘of the functionals

fe'e) N
AE =) (k) TEk),  AnE = Z(a‘(k»Té’(k), (20)
k=0 k=0

which depend on unobserved values of the stochastic sequence &(k) = {gp( )}L_, with stationary GM increments.
Estimates are based on observations of the sequence 5 (k) at points k = —1, —2, e
We will suppose that the following conditions are satisfied:

e conditions on coefficients @(k) = {a,(k)}L_,, k > 0, and a linear transformation D” to be defined in Lemma

p=1
3.1 N N
> latk)| < oo, > (k+Dak)|* < oo, 1)
k=0 k=0
Z |(D7a)|| < oo, Z (k + 1)||(DPa)||* < oo, (22)
k=0 k=0
o the minimality condition on the spectral density f(\)
™ (d) (1|2
/ Tr Mflu) d\ < oo. (23)
- g (e

The latter one is the necessary and sufficient condition under which the mean square errors of estimates of
functionals AE and A Ng are not equal to 0.

The classical Hilbert space estimation technique proposed by Kolmogorov [28] can be described as a 3-stage
procedure: (i) define a target element of the space H = Lo(Q2, F, P) to be estimated, (ii) define a subspace of H
generated by observations, (iii) find an estimate of the target element as an orthogonal projection on the defined
subspace.

Stage i. Neither functional Ag nor A N«f belongs to the space H. With the help of the following lemma and the
corresponding corollary, we describe representations of these functionals as sums of functionals with finite second
moments belonging to H and functionals depending on observed values of the sequence E (k) (“initial values”™).

Lemma 3.1
The functional A¢ admits a representation

A€ = Bx§ - V§,
where

<y
~
kS
S~—
Il
9—
j9)
oQ
H
m
T
=
|
o~
S~—
N~—
S
N
=
=
|
|
—_
“l\'>

c _n(7)7

S
—~

T
~

Il

Z diagy (dz(m — k))d(m) = (DPa)y, k=0,1,2,...,

m=k
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b(k) = (b1(k), ba(k), .-, br(k) T, a = ((@(0)7, (@1)", (@2)",..)", #(k) = (v1(k), va(k), ..., vr(k))", D
is a linear transformation determined by a matrix with T x T entries D*(k,j),k,j =0,1,2,... such that
DF(k,j) = diagp(dz(j — k)) if 0 <k < j and D¥(k,j) = diagy(0) for 0 < j < k; diagp(z) denotes a T' x T'
diagonal matrix with the entry x on its diagonal, coefficients {dz(k) : k > 0} are determined by the relationship

Zdﬁ(k)mk = H (Z x”is"jf") .

k=0 i=1 \j;=0

Proof
See Appendix. O

Corollary 3.1 =
The functional A ¢ allows a representation

AnE = ByxE — V€,

N
Bax€ =Y n k) XE k), VwE= Y (on(k)TER),
k=0

= k=—n(v)

where  the  coefficients by (k) = {bn,p(k)}_;,k=0,1,...,N and  On(k) = {on,(k)}I_,, k =

p=1> p=1
—1,-2,...,—n(v) are calculated by the formulas

NAk+n(vy)

in(k) = Y diagr(e,(1—k)bn(D), k=—1,-2,...,—n(y), (24)
1=0
N —

by(k) = > diagy(dz(m — k))d(m) = (Dian)e, k=0,1,..., N, (25)

m=k

DF, is the linear transformation determined by an infinite matrix with the entries (D%)(k, j) = diagp(dz(j — k))
if 0 <k <j<N,and (D¥)(k,j) =0ifj < korj, k> N;ay = ((@0))",@1)",...,@n)",0...)".

So that, Lemma 3.1 provides a representation of the functional Ag as a sum of an element BXE from the space
H = Ly(Q2, F, P) under conditions (21) — (22) and linear combination V¢ of a finite number of initial values £(k),
k=—-1,-2,...,—n(v), which are observed. Thus, the following equality hold true

A€ = By€ - VE. (26)

Denote by A(f, 25) = E|A§ — 2@2 the mean square error of the optimal estimate A€ of the functional A€ and let
A(f, Bx€) == E|Bx¢ — Bx£|? denote the mean square error of the optimal estimate Bx¢ of the functional By¢.
Then

=)

A(f;ﬁ{) - E‘Af— ng - E’Bxf— VE— §X5+vﬂ2 - E‘Bxg— Eng :A(f;éxg)

Thus, we have defined the functional B xg to be used in finding the optimal linear estimate of the functional Ag.

At stage ii, we recall the subspace H?~ (£(?) := H~1(£(4) of the Hilbert space H = Ly(€2, F,P) defined in
Subsection 2.2, which is generated by observations {X(ﬁcg(gp(k)),p =1,...,T; k < —1}. Denote by LI~ (f) the
closed linear subspace of the Hilbert space Lo(f) of vector-valued functions endowed with the inner product
(g1392) = 7 _(91(A\) T f(AN)g2(A)dA which is generated by functions

eNND (=N (BD(IN) 8, & = {d I i=1,.. Tk < —1,
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where 6, are Kronecker symbols. The relation
_ 1
B (iA)

implies a relation between elements X (fp( m)) of the space H(£(?) and elements e*™ X(ﬁd )(e=™)(BD (i)~ 16,
of the space Lo (f). The spectral representatlon of the functional Bxg can be written in the form

X(ﬁ@(ﬁp(m)):/ e“mx%i)(e*”) dzZ,(\), p=1,2,...,T, 27)

‘n' (d)
BXE = (éﬁ(e )) Xg (e )dZ§<d)(A),

- BA(iN)
where
o0 o0
_ Z b( z)\k Z D/t i
k=0 k=0

L (d)(—ix
Thus, at stage iii, the problem is equivalent to finding a projection of the element Bg(e“\)xﬁ(d()iu)) of the Hilbert
space Lo(f) on the subspace L9~ (f).

Relation (26) implies that every linear estimate E{ of the functional Ag can be written in the form

A= [ ()T dZew (V) - i (#(k)) "ER), (28)
- k=—n(v)

where hz(\ (M) = {hp(N)}I_, is the spectral characteristic of the estimate BE, which is a projection of the element
( —iA

B%(e“) E(TM)) on the subspace L5~ (f). This estimate is characterized by the following conditions:
ha(N) € Ly (f), (29)
(d) (,—ix
SN i G 0-
Condition (30) implies the following relation holding true for all £ < —
(d) (—iA T (d) (i
s anXa e X (€™) ~
By(e™) =L — hy(\ Ne MW gy g, 31
/W< w(e”) B (i) ol )) f(A)e 3@ (in) (3D

Thus, the spectral characteristic of the estimate B Xf can be represented in the form

(d)/ —ix ad) (7))
) o Xy @
(a0 = Brle™) " 53 T D)

(Cal(e™)N TN,

where -
Z zAk
‘m
k=0
and é(k) = {c,(k)}}_,, k > 0 are unknown coefficients to be found.

Condition (29) implies the following representation of the spectral characteristic ﬁﬁ()\)

- 1 >
#() = FG (€ g =Y slk)e P,
k=1

>
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which allows us to write the relations
" BLGNE 5 )T 13| emiddgs — G
/ @@ o (Cale) TN | e A =10, > 0. (32)
-7 Xz (e )Xﬁ (e"*)

Next we define the matrix-valued Fourier coefficients

(Ba(e™)" -

LT e 1BYGNE .
B - = iN(G—k) 1 T\ -1 >
k) =5 [ e P ap! P B0 (33)

and rewrite relation (32) as a system of linear vector equations

determining the unknown coefficients ¢z (k), & > 0. This system can be presented in the matrix form
Dﬁa = Fﬁcﬁ’ (34)

where
e = ((&(0)) ", (@) ", (E(2) ... ) " a=(@0) ", (@) ' @2)’..n",
F is a linear operator in the space ¢, which is determined by a matrix with the 7" x T matrix entries F;(j, k) =
F*(4,k), j, k > 0; the linear transformation D* is defined in Lemma 3.1.
To show that operator Fy is invertible we note that the problem of projection of the element BE of the

Hilbert space H on the closed convex set H 0*(5}‘1)) has a unique solution for each non-zero coefficients

{@(0),d(1)),a(2), ...}, satisfying conditions (21) — (22). Therefore, equation (34) has a unique solution for each
vector DFa, which implies existence of the inverse operator Fgl.

Therefore, coefficients ¢;(k), k > 0, which determine the spectral characteristic ﬁﬁ()\), can be calculated as
&u(k) = (F;'DFa), k>0, (35)

where (FﬁlDﬁa)k, k > 0, is the kth T-dimension vector element of the vector F%lDﬁa.

The spectral characteristic ﬁg()\) of the estimate B¢ is calculated by the formula

. L (d) (g=ix () (4 O AT
(hr(M)) T = ( u(eM))TXg(d() (i)\)) - f(;((ei)) (Z(FZID“a)kez’\k> FARIOVE (36)
i k=0

The value of the mean square error of the estimate 25 is calculated by the formula

A (fﬁxf) =E ‘Bxf— Exgr

ATy [ oo T ) '
- O (Z(FulD“a)kei’\k> ) ( (FulDua)k@i/\k> BN
k

o9 d), . 4, .
21 Jox XD (e \ = XD (e=i)

= (D"a,F;'DFa). 37)

A (1)

—

Next consider the problem in the case where the GM incremental sequence of the stochastic sequence &(m)
admits moving-average representation (17) and its spectral density f()\) = {f;;(A\)}1._, admits the canonical

factorization (18), (19), namely we
R I Gl Ciavein
f()\) = @(e ¢ )@ (e ¢ )7 Wf()\) = @F(e ¢ )@ﬁ(e ¢ ), (38)
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where
oo

oo
71/\ 72)\k 71/\ 7z)\k
=2 ol w(e™) = en
k=0

k=0

and oz (k) = {¢i;(k )}77 11’;{, k=0,1,2,.... Let E, denote the identity ¢ x ¢ matrix. Define the matrix-valued
function Wz (e=) = {U,; (e~ )}Z;lj by the equation

Ua(e™ ™) Pr(e™?) = Ey.

Formulas for calculating the spectral characteristic ﬁg()\) and the value of the mean square error A(f; A )
of the estimate A¢ can be presented in terms of the function U (e~*) and the factorization coefficients ¢z (k),
k=0,1,2,....One can directly check that conditions (29) and (30) are satisfied by the function

X (e ™)

a0 =~y (Bule™) = (Trle™™) Tr(e™)) (39)
where
Fﬁ(ei)\) = Z(DHASO/L) ka
k=0
(DFAgp)e = Y. > (¢u(m al+k) =Y > (ealm + (1 — k),
m=01l=m m=0 =k

and A is a linear symmetric operator which is determined by a matrix with the entries A (k, j) = d(k + j), k,j > 0.
The defined operators D* A and A are compact under conditions (21) — (22). Then the value of the mean square
error is calculated by the formula

:
P T G } = .
a(rdg) = 5| (;wmmkew) <;<D~Amkezkk> 2
L™ o a2 - 2
= B Gl T (40)

The derived results are summarized in the following theorem.

Theorem 3.1

Let a vector-valued stochastic sequence {5 (m),m € Z} determine a stationary stochastic GM increment sequence
X;(an (£(m)) with the spectral density matrix f(\) = { fiz(N\)}];—1 which satisfies the minimality condition (23).
Let coefficients @(j),j > 0 satisfy conditions (21) — (22).

Then the optimal linear estimate A£ of the functional A§ based on observations of the sequence & ( ) at points
m = —1,—2,... is calculated by formula (28). The spectral characteristic h#( ) = {hp(N)}]_, and the value of
the mean square error A(f; 215) of the estimate XE are calculated by formulas (36) and (37) respectively.

In the case where the spectral density f(\) admits the canonical factorization (38) the spectral characteristic and the

value of the mean square error of the optimal estimate X{“ can be calculated by formulas (39) and (40) respectively.

3.2. Estimates of functional Ay ¢ and value &(N)

Theorem 3.1 allows us to find the optimal estimate A Nf of the functional A Nf which depends on the unobserved
values 5( ), m=0,1,2,..., N, based on observations of the sequence 5( ) at points m = —1,—2,.... Put
d(k) =0fork > N. Then we get that the spectral characteristic i, () of the optimal estimate
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Ané = / (awONTdZer ) — S (aw (k) TER), 1)

(d) i
(han(\)" = (Ban(e? ))TXM( e <Z 7 Divan)ke ) F7H- (42)

B (i)) (d) (i)
where

N
Bz D‘u
1, N NaN
k=0

and D?ﬁ, is defined in Corollary 3.1. The value of the mean square error of the estimate A NE is

A (f’ ENX§> =E ‘BNXg_ §NXﬂ2

- T
1 - @/ 00 00 (d) I\
= 5/ ﬁ(d) @ 1/\) < E (F;lDK,aN)k ) < E Fle” e“\k> 7%) (l_zz\ X
(e") k=0 X (e=™)

k=0

A (1, AnE)

<Df;VaN, F DEaN> . (43)

In the case where the spectral density f(\) admits the canonical factorization (38) the spectral characteristic can
be calculated as

), —i
XD (=)

() =~y (Bra(e™) = (e Trax () (“4)
where
N N N
fan(e?) =Y (DN Anemn)ke™, (DNAxern)k= Y > (ealm)) d@(m + Ddg(l - k),
k=0 m=0 l=k

and ¢z v = (¢7(0), er(1),...,¢z(N)); Ay is a linear operator determined by the coefficients d(k), k=
0,1,..., N, as follows: (Ay)(k,j) = @(k+7),0<k—+j <N, (Ax)(k,j) =0, k+j>N,0<k,j<N; D~
is a matrix of the dimension (N + 1) x (N + 1) determined by the T’ x T entries ﬁﬁN(k,j) = diagy (dp(j — k)) if
0<k<j<Nand D% (k, j) = diagy(0)if 0 < j < k < N.

The value of the mean square error is calculated by the formula

N T[N
S 1 . . . |
I (Z<D%ANWWM> (DR Anggie | dn
T \k=0 k=0
1 Z
. Zﬁ/ (e ax = | DR AN%NH . 45)

Thus, the following theorem holds true.

Theorem 3.2
Let {¢(m), m € Z} be a stochastic sequence which determine a stationary stochastic GM increment sequence

X(ﬁ’“@(g (m)) with the spectral density matrix f(A) which satisfies the minimality condition (23). The optimal linear
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estimate A Nf of the functional ANg based on observations of the sequence 5 (m) at points m = —1,—2,... is
calculated by formula (41). The spectral characteristic ﬁﬁ ~N(A) = {hyu,np(A)}] -, and the value of the mean square
error A(f; A NE) are calculated by formulas (42) and (43) respectively. In the case where the spectral density f())
admits the canonical factorization (38) the spectral characteristic ﬁﬂ, ~(A) and the value of the mean square error
of the estimate A N{ can be calculated by formulas (44) and (45) respectively.

For the problem of the mean square optimal estimate of the unobserved value AN,Z,E =¢&,(N) = gV )0p.

p=1,2,...,T, N > 0 of the stochastic sequence f (m) with GM stationary increments based on its observations
at points m = —1, —2, ... we have the following corollary from Theorem 3.2.

Corollary 3.2 N
The optimal linear estimate £, (N) of the value §,(N),p=1,2,...,T, N > 0, of the stochastic sequence with GM

stationary increments from observations of the sequence 5 (m) at points m = —1,—2, ... is calculated by formula

-1
.

&) = [ (fnnsV) dZeoO) = Y (nplB)TER). 46)

o k=—n(7)
The spectral characteristic Eﬁ, ~.,p(A) of the estimate is calculated by the formula

4 T XD LA (& )
(hﬁ,N,p(A)) = (d() By (5 Zd - M’C) —M(Z(Fulduwp)ke“k) FHN. @)
w

where dg v, = (dg(N)6, ,dz(N —1)8, ,...,dz(0)8, ,0,...)". The value of the mean square error of the

estimate gp(N ) is calculated by the formula

A (FXEE ) = E |3y (m) — x2E )|

R T
IR A IV SN : o~ . B (iN)
- % . X(ﬁd) (e“) (Z(Fuldu,N,p)ke /\k> f()\) (Z(FMIdM,N,p)ke Ak) 7)(;1) (e—i)\)dA

A(1&)

k=0 k=0
= (dgnp: F;dﬁ, Np) - (48)

In the case where the spectral density f(\) admits the canonical factorization (38), and the condition
min,_1 p:8; > N 1is satisfied, the spectral characteristic and the value of the mean square error of the estimate

gp(N ) can be calculated by the formulas

. X e )
e () = gy @ |8~ (Ta(e™) (Zw ’”“) 5 (49)
and
R 1 ™ N ] N ) * N q
a(r&m) =5 [ [wpfzsou(k)e—ﬂ [@)TZ%(k)e-“k] D=3 s B2 (50)
- k=0 k=0 k=0 j=1
Remark 3.1

Since for all d > T and 7z > 1 the condition

T g P
L ime | <
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holds true, there exists a function

wi(z) = Y wah), 3 (k)
k k=0

=0
such that [18]
(d) (,—ixy|2
ey = )
g BN
which can be calculated by the formula

(d) ,—ixy|2
L P )
wg(z) = exp {477/ - hl ECIONE Xy . (618

-7

For this reason the following relation holds true:
Pr(e™") = wa(e™ ) (™). (52)

which implies

that is

Puij(k) =Y wg(k —m)p;(m), i=1,....T;j=1,..,¢k=01,....

m=0

This relation can be represented in the form

= Whe, (53)
where @i = (0r(0), ¢a(1), ¢ ( ),...) " and ¢ = (©(0),¢(1),¢(2),...)" are vectors composed from matrices
ou(k) = {ppu,ij(k) 1_11’;, k=0,1,2,..., and p(k) = {@;;(k )}j 11;, k=0,1,2,..., and where W* is a linear

operator with the entries (W“)j =wg(j —k)if0 <k <j,and (WH);, =0if 0 < j < k.

3.3. Forecasting of periodically stationary GM increment

Consider the problem of mean square optimal linear estimation of the functionals

e} N
AC = "dOk)C(k), AnC =D a (k)¢ (k) (54)
k=0 k=0

which depend on unobserved values of the stochastic sequence ((m) with periodically stationary increments.
Estimates are based on observations of the sequence {(m) at points m = —1, -2, .. ..
The functional A( can be represented in the form

) oco T
AC = D dDE)C(R) =D a D mT +p—1)¢(mT +p—1)
k=

where

g(m) = (gl(m)vé-Q(m)?' . ’gT(m))T7 fp(m) = C(mT+p - 1)7 b= 1127' .. aT; (55)
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—

a(m) = (ar(m),az(m),...,ar(m))", apy(m) =aOmT+p—-1); p=1,2,...,T. (56)

Making use of the introduced notations and statements of Theorem 3.1 we can claim that the following theorem
holds true.

Theorem 3.3

Let a stochastic sequence (k) with periodically stationary increments generate by formula (55) a vector-valued
stochastic sequence ¢(m) which determine a stationary stochastic GM increment sequence Xf{‘;({ (m)) with
the spectral density matrix f(\) = {fi;(\) ijl that satisfy the minimality condition (23). Let the coefficients
a(k), k > 0 determined by formula (56) satisfy conditions (21) — (22).

Then the optimal linear estimate fTC of the functional A¢ based on observations of the sequence ((m) at points
m = —1,—2,... is calculated by formula (28). The spectral characteristic ﬁﬁ()\) = {hp(A)};—, and the value of
the mean square error A(f; /Alg‘ ) of the estimate X( are calculated by formulas (36) and (37) respectively.

In the case where the spectral density matrix f(\) admitAs the canonical factorization (38), the spectral characteristic

and the value of the mean square error of the estimate A¢ can be calculated by formulas (39) and (40) respectively.
The functional Aj;¢ can be represented in the form

N T

Au¢ = D dDkCk) =D > al(mT +p—1)¢(mT +p—1)

M= [z
3
g
3

T N
> ay(m)gy(m) = > (@(m))TE(m) = Ane,

0p=1 m=0

3
Il

where N = [21], the sequence £(m) is determined by formula (55),

@m))" = (ai(m),az(m),...,ar(m))",
ap(m) = aS(mT+p—1;0<m<N;1<p<T;ml+p—1<M;
ap(N) = 0, M+1<NT+p—-1<(N+1)T-L1<p<T. (57)

Making use of the introduced notations and statements of Theorem 3.2 we can claim that the following theorem
holds true.

Theorem 3.4

Let a stochastic sequence ((k) with periodically stationary GM increments generate by formula (55) a vector-
valued stochastic sequence £(m) which determine a stationary GM increment sequence x(ﬁng)(g (m)) with the
spectral density matrix f(\) = {fi;(\) ;f’:jzl that satisfy the minimality condition (23). Let coefficients d@(k), k >
0 be determined by formula (57). The optimal linear estimate ZMC of the functional Ap;¢ = ANE based
on observations of the sequence ((m) at points m = —1,—2,... is calculated by formula (41). The spectral
characteristic ﬁﬁ, ~N(A) = {hzn (AN}, and the value of the mean square error A(f; Auc ) are calculated by
formulas (42) and (43) respectively. In the case where the spectral density matrix f()\) admits the canonical
factorization (38), then the spectral characteristic l_iﬁ, ~ () and the value of the mean square error of the estimate

A M ¢ can be calculated by formulas (44) and (45) respectively.

As a corollary from Theorem 3.4, one can obtain the mean square optimal estimate of the unobserved value
¢(M), M > 0 of a stochastic sequence ¢(m) with periodically stationary GM increments based on observations of
the sequence ¢(m) at points m = —1, —2, ... Making use of the notations ((M) = &,(N) = ({(N))"6,, N = [%£],
p= M +1— NT, and the obtained results we can conclude that the following corollary holds true.

Corollary 3.3
Let a stochastic sequence ((m) with periodically stationary GM increments generate by formula (55) a vector-

valued stochastic sequence £(m) which determine a stationary GM increment sequence x(ﬁ’g)({ (m)) with the
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spectral density matrix f(\) = {fi;(\) ijl that satisfy the minimality condition (23). The optimal linear
estimate Z(M ) of the unobserved value (M), M > 0, based on observations of the sequence ((m) at points
m = —1,—2,... is calculated by formula (46). The spectral characteristic hj; n () of the estimate is calculated

by the formula (47). The value of the mean square error of the estimate ((M) is calculated by the formula (48).
In the case where the spectral density f(\) admits the canonical factorization (38), then the spectral characteristic

o~

and the value of the mean square error of the estimate ((M) can be calculated by the formulas (49), (50).

4. Forecasting of GM fractional increments
In the previous section, we solved the forecasting problem for the increment sequence X(ﬁd%(g (m)) of positive
integer orders (dy, . . ., d,). Here we consider the forecasting problem in the case of fractional increment orders d;.

Within the section, we consider the step @ = (1,1,...,1) and represent the increment operator < (B) in the

S
form
T

A(B) = (1= ByfotPe (1 - Bro)RtPs, (58)
j=1
where (1 — B)fotPo ig the integrating component, R;, j = 0,1,...,r, are non-negative integer numbers, 1 <
s1 < ... < s,. The goal is to find representations d; = R; +D;, j = 0,1,...,r, of the increment orders under
some conditions on the fractional parts D;, such that the increment sequence

s

j(m) = (1= B)* [[(1 = B¥)™&(m)

j=1

to be a stationary fractionally integrated seasonal stochastic sequence. For example, in case of single increment
pattern (1 — B* )" +D" this condition is |D*| < 1/2.

(R+D) ,Z,

We will call a sequence x (&(m)) fractional multiple (FM) increment sequence.

Lemma 4.1
The increment operator ") (B) := (1 — B)Po [Tj-, (1 — B*)Pi admits a representation
r [s5/2] r [s;/2]
X B) = [ TI (- 2cosv, B+ B2 = (1 - B)Po+Pr+Dr TT T (1 2coswy, B+ B3P,
=0 k;=0 -

where sg = 1, v, = 2mk; /s, kj = 0,1,...,[s;/2], Dy, = Do/2fork; =0, Dy, = D;fork; =1,2,...,[s;/2] —
1, Dy, /2) = D; for odd s; and D, o = D, /2 for even s;,

Note that Lemma 4.1 follows from the representation

[s;/2]
(]‘ - st)DT = H (ij - B)ij (Z—kj - B)ij7

k;=0

where 2., = exp(ivg,; ), kj = 0,1,...,s; — 1, are solutions of the equation 1 — B* = 0.
Lemma 4.1 implies the following statement.
Lemma 4.2
Define the sets M; = {vy, = 27k;/s; : kj = 0,1,...,[s;/2]},j = 0,1,...,7, and the set M = [J;_, M. Then
éD)(B) = H (1—-2cosvB + 32)5”
veM
= (1-p)Potrttbr 4 g T  (1-2cosvB+ B*)",

ve M\{0,7}
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where D, = Z;ZO D;I{v € M,}, D, =D, forv e M \ {0, 7}, D, = D,/2forv=0and v = .

Lemma 4.2 shows that a multiple seasonal increment process can be represented as a k-factor Gegenbauer

process
k

[0 = 2wB + B*)%a(m) = £(m). (59)
i=1
In the case where {(m) is an ARMA(p,q) sequence, the model z(m) defined by (59) is called k-factor
GARM A(p,d;, u;, q) sequence. It is stationary and invertible if |d;| < 1/2 for |u;| < 1 and |d;| < 1/4 for |u;| = 1.
If additionally d; > 0, then the model exhibits a long memory behavior [50]. The function (1 — 2u; B + B?)~¢
a generating function of the Gegenbauer polynomial:

(1—2uB+ B?)~ Z C\Dy

where [n/2]
- n/2 (_1)k(2u)n72kr‘(d_ k+n)
CP(u) =" kl(n — 2k)IT(d) '

k=0
Thus, denoting k* = | M|, we obtain

P B = ] (- 2600+ B P = 3 Gl m :<Zak*<m>3m> |

veM m=0
where
Gl(m) = Z H CP) (cosv), (60)
0<ni,...,np+x<m,ni+...4+npx=mvem
Gp.(m) = > IT 5.7 (cosv). (61)

0<ny,...,npx <m,ni+...4+npx=mrem

The derived representations of the increment operator XéD) (B) imply the following theorem.
Theorem 4.1 =
Assume that for a stochastic vector sequence &(m) and fractional differencing orders d; = R; + D;, j =
0,1,...,r, the FM increment sequence X( P )(f (m)) generated by increment operator (58) is a stationary

sequence with a bounded from zero and 1nﬁn1ty spectral density f}(A) Then for the non-negative integer numbers
R;, j=0,1,...,r, the GM increment sequence X( )(f(m)) is stationary if —1/2 < D, < 1/2 for all v € M,

where D, are deﬁned by real numbers D;, j =0,1,...,r,in Lemma 4.2, and it is long memory if 0 < D, < 1/2

for at least one v € M, and invertible if —1/2 < D, < 0. The spectral density f()\) of the stationary GM increment

sequence XS ,) (£(m)) admits a representation

) =2 -2 _
1O = 18R )| P )] R = [P e Fo,
where
2 -2 _
—1 7zm — —iAm —iv 7 v i —2D,
e = =13 Grme = T e = e e — )|
m=0 veM

coefficients G} (m), Gy (m) are defined by (60), (61).
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The spectral density f(\) and the structural function DéR) (m,1,1) of a stationary GM increment sequence

XY? (£(m)) exhibit the following behavior in the case of constant matrices C' and K

o |[pR) (i)\)\_Q\X(TR)(e_i’\)Pf(/\) ~Clv— )\|_25” as A = v, v € M, thus, the minimality condition (23) is
satisfied (for properties of eigenvalues of generalized fractional process, we refer to Palma and Bondon [41])
e D (m1,T)~ K > vem:B, w0 Im?Pv~t cos(mv), as m — oo (see Giraitis and Leipus [12]).

Example 4.1

1. Consider an increment operator (1 — B)fotDo(1 — B2)Fa+D1 which represents a fractional integrated
component and a fractional seasonal components. In this case My = {0}, M; ={0,7}, M ={0,7}. The
Gegenbauer representation of the increment is (1 — B)Po+P1(1 + B)P1. Stationarity conditions are the following:
|D| = |Dg + D1| < 1/2, |D| = |D1| < 1/2.

2. Consider an increment operator (1 — B2?)f1+P1(1 — B3)R2+D2 which represents two fractional seasonal
components. In this case My = {0, 7}, My = {0,27/3}, M = {0,27/3, 7}. The Gegenbauer representation of
the increment is (1 — B)P17P2(1 — 2cos(27/3) B + B?)P2(1 + B)P1. Stationarity conditions are the following:
D] = |Dy + Dal < 1/2. | Do 3| = |Da| < 1/2. |Dy| = [Dy] < 1/2.

3. Consider an increment operator (1 — B2)#1+D1(1 — p4)Fe+D2 n this case Mo = {0, 7}, My = {0,7/2, 7},
M ={0,7/2,7}. The Gegenbauer representation of the increment is (1 — B)P1+P2(1 + B2)P2(1 4 B)P1+D2,
Stationarity conditions are the following: |D| = |Dx| = |D1 + D2| < 1/2, | Dy /5| = |D2| < 1/2.

In the following remarks we provide some additional details with the help of which we can use theorems
proposed in the previous section in finding solution of the forecasting problem for stochastic sequences with
periodically stationary (periodically correlated) FM increments.

Remark 4.1
Theorem 4.1 implies that the Fourier coefficients (33) of the function

BB NP (™72

are calculated by the formula

1 [T o2 = )
k) = 3 [ 0P e Foan kizo

Remark 4.2 _
Assume that the spectral density f7(\) admits a factorization

oo

Z —1)\

k=0

Fin = [ =

where p7(k) = {¢1;(k )}Z 11; k=0,1,2,.... Then coefficients {¢7 ,; }Z 11; k=0,1,2,... from factorization

(38) are calculated by the formula

k
o1.5k) =D GL B1.4;(m) = (G * B14;) (k).

m=0

Remark 4.3

Define a matrix-valued function Wy(e~*) = {Ug ” _"\)}Zg by the equation Wy(e~i*)®(e~*) = E,, where

E, is the identity ¢ x ¢ matrix. Then W3(e~*) = (TD)(e_i’\)\f/T(e_”‘).
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5. Examples of forecasting for some special models

Example 5.1
Basawa et al. [5] consider a so-called first-order seasonal periodic autoregressive process (SPAR(1,1)) defined by
the difference equation

XnT+t/ = (b(V)XmTJerl + a(V)X(mfl)T+1/ - (b(l/)a(V)X(mfl)T%»ufl + EmT+v, (62)

where ¢,,74, is an uncorrelated periodic white noise process with E(e,,74,) = 0 and Var(e,ry,) = 02(v),
1 <v < T (we follow notations from [5]). Depending on coefficients ¢(v), a(v) model (62) has the following
properties:

o if p(v) = ¢, a(v) = a, 0?(v) = o2 for 1 < v < T, then model (62) reduces to Box-Jenkins SAR(1,1) model,
e if a(v) =0for1 < v < T, then model (62) reduces to PAR(1) model,

o if Hle |p(v)| < 1 and |a(v)| < 1 for all v, then model (62) admits a causal and stationary 7T-dimensional
VAR representation
DX = P1 X1 + P2 X2 + Ep,

Where
Ilm ;(mT—Fla 4<mT+27 e 7‘(mT+T ) Em EmT—i-la EmT+23 st 367?’7.T+T .

Here we consider another case where Hle |o(v)| < 1 and a(v) = 1 for all v. Without loss of generality assume
that o%(v) = 1 for all v. Then, taking into account BY X,,74,, = X(;5,_1)7,, model (62) reduces to integrated
PAR, or PARIMA, model

(1 - BT)(XmT-‘ru - QS(V)XmT-&-u—l) = EmT+v,
which admits a VARIMAC(1,1,0) representation

\IIQAXm + \IllAXm—l = Em,

where ¥ (r,s) = 1forr = s, ¥y(r,s) = —¢(s) forr = s + 1and W (r, s) = 0 otherwise; ¥1(1,T) = —¢(T) and
Wy (r,s) = 0otherwise, 1 <r, s <T.Notethat AX,, = (1 — B)X,, = X%%(Xm) in terms of GM increments. The
spectral density of the one-step increment sequence AX,, is the following:

/\2

i —2
W|\IIO+\P1€ 7’)\’ .

Consider the following estimation problem. Let us assume that we observe a time series X7+, at points
m < —1,1 <v <T. It is necessary to find an estimate AX of the functional which depends on future values
of Xpyryv,m>0,1 <y < T, with a discount factor p,0 < p < 1:

o T o
AX = Z Z T X, = Z a X,, = AX,

m=0v=1 m=0
where a,, = p"T(p,p%,...,p")T =p™Ta, a=(p,p? ...,p")T". Coefficients b,,, m >0 and v_; from the
representation AX = BAX — VX are the following: b, = {—ra, v_; =bo = —=,ra. Since [au[® =

1 (T)p™T, by ||? = c2(T)p™T, conditions (21) and (22) are satisfied. Thus, we apply Theorem 3.3 to find the
spectral characteristic of the estimate AX. We have

Oay(e™) = T Y ()R TG e, T (e = Tp + Trem
k=0
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and
) 1 e )
7—,»(1)(61)\) _ — T®Tazka€Mk7
P k=0
where © := (¥ + pT W),
—i S 1 —i 1 = i
(W (1) (e™™) 71 (e?) = — U 0 Tac + — pTaZkae Ak
k=0

Then, the optimal estimate of the value of the functional AX is calculated by the formula

~ 1 1 1
AX = — 1= 7 aT@\If1AX71 + 1= pTaTX71 = Wa—r ((ET — 9\111)X—1 + @\111X72) .

The value of the mean square error of the estimate is calculated by the formula

1

T,112
e L

A(f;ﬁx) -

Example 5.2
To illustrates a forecasting technique developed in Chapters 3 and 4 we consider a seasonal time series z(t), t € Z,
exhibiting two fractional seasonal patterns and a periodic covariance behavior

(1—B®)%(1 — B*)ME(t) = e(t) — aoe(t — 1) — a;pye(t —s), i(t) = (t mod s)+1,

where dy = 1 + Dy, dy = 1+ D1, £(t), t € Z, are i.i.d. random variables with Ee(t) = 0, E|e(¢)|? = 1. The first
cycle s may refer to 7 days within a week, and this pattern shows different correlation structure for each
‘season”’, namely, day of a week. The second seasonal pattern us may describe a year period assuming that
u = 52 corresponds to weeks within a year. Under the conditions stated below, the increment w(t) = (1 — B®)(1 —
B"*)¢(t) is cyclostationary since coefficients a;;) are periodic with the period 7" = s.

—

Define the vector-valued sequences &(m) = (£1(m),&2(m),...,&(m))T, where &,(m)=&(sm+p—1),

and £(m) = (e1(m),e2(m),...,es(m)) ", where e,(m)=e(sm+p—1). Consider an increment function
Xg,)l),(l,u)(B) = (1 — B)(1 — B™) with the step 7 = (1, 1). The GM increment sequence Xg31)7(1,u)(§(m)) admits

the representation
" 2 oy - -
(1=B)P (1= BYP' XD} (1 1 (€E(m)) = Boc(m) + 18(m — 1),

1 0 0 ... 0 —aq 0 0 ... —Qo

—ap 1 0O ... 0 0 —as9 0 0

by = 0 —ap 1 o0 ,(131: 0 0 —as 0
0 0 o ... 1 0 0 0 ... —as

It is stationary under conditions | Dy + D1| < 1/2,|D;| < 1/2. Forinstance, if dy = 0.7, d; = 1.2, then Dy = —0.3,
D; = 0.2 and the process exhibits a long-memory behavior.
The spectral density f()\) of the GM increment sequence Xg?l) a d)E (m) is

ERICNE o
P (e™)
2 — D — | (1,1)
X (€)X (e )2
u/2
A2 Ec:/—][u/2]()\ —2rk/u)®
|1 _ efiA|2|1 _ efiu)\‘2|1 _ efiA‘2D0|1 _ efiu)\‘QDl

| 2

fN)

|Bo + re |,
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where
(ng’i)(efm))ﬂ = (1— e )=Do(] — e=iwh)=D
‘ [u/2] ‘ o
= (1—e ) Po=Ds H (1 — 2cos(2rk fu)e™™ + e=2iA)=Dx
k=1

00 -1
Z G_k‘—* (k —iAk __ <Z Gk;* z)\k> ,
k=0

= [u/2] + 1, G{.(m) and G,.(m), m > 0, are defined by (60) and (61) respectively, Dy, =D; for1 <k <
[u/2] -1, D[u/g D, for odd u and D[u/g] = D1 /2 for even u. Note, G- (0) = G,.(0) = 1.
Let us find an estimate of a weighted sum of two average weekly values of the time series £(¢)

o (150 w00 (T )

based on observations of £(t) at points t = —1,—2,....
In terms of the sequence £(m), the functional Ay£ is rewritten as

—

Ax€ = (@(0)) T€(0) + (a(1)) &),
where @(0) = (s Has™!, .. .,as™) T, @l)=((1-a)s7,(1—a)s7!,...,(1—a)s™))T, and admits a
representation
Ao = B — Vi = (B(0)) Tx(E(0)) + BN TXED) = S (Ba(k)TER).
k=—u—1

—

Here b(0) =a@(0) +a(1) = (s s,...,s )T =511, b1)=a(l)=(1-a)st,(1—a)s ..., (1—
@)s )T =(1—a)s'T; and further @(k)=0 for k=—1,-2,...,—~u+2, T(—u-+1)=—b(1)=
—(1—a)s™'T, T(—u) = —b(0) +b(1) = —as™ 1, Tp(—u—1)= b(O) ety By 1 we denote a vector
(1,1,...,1)" of dimension s. Note that

(1—B)_1(1—B“)_1:§:d( i( { DBk

k=0 k=0

We find the spectral characteristic H(Ll)’g()\) of the estimate Agf using Theorem 3.2 as well as remarks to
Theorem 4.1. First we obtain

oo

Pay(e™™) = Y (GL @) (k)™ = GL(0) <I>O+Z 5 (k)@ + G (k — 1) By )e ™™,
k=0

Van(e ™) = Y (GpxW)k)e ™ = a5 Z pe W) (R)e ",
k=0
where (G}, * ¥)(k), k > 0, is a convolution of two sequences G (k) and Uy, k > 0, ¥, = (—1)F 0, (@D 1)F,

Uy = 0510y, = (1) (D185,

s—1 s—2

—ay —ag  —ag —ayg ... —ag
—asagp —a9 0 N 0
2
(1’1@61 _ —asag —asag —as S 0
fasa(s)_l faSaS_Q fasag_g ce. —ag
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Then
(P ™) Fanale®) = B1)e +5(0)
+Z( G B )()(B(0) + G- (DH(1) + Gy (k + 1)B(1) ) e
= P ™M) (5(0) + Dob(1) ) + B1EMNP) (),
and
" X (e & - . .
Fanal) = —~Uess S0 (14 (L= Do) G = 7)) + (1= )G (b + D Er ) e

k=1
(2) 77,/\

X)) &
BRI (i) Zh

The optimal estimate of the functional A,€ is calculated by the formula

A¢ = —s‘l(T)TE(—u — D+ as (1) E(—u) + (1 —a)s (1) E(—u+1)
+ZhT ( -k )—*(—k—u)+*(—k—u—1)).
The value of the mean square error of the estimate is calculated by the formula
A (f; ,125) = 572||(®g + (1 — @) (Do®o + ®1)) T + (1 — a)2s 2D T||2.

In a particular case dy = 1, d; = 1 and, respectively, Dy = 0, D; = 0, we have X(D) (e7™) =1,and Gf( )=0
for k > 1. In this case the estimate of the functional A5,£ and the value of the its mean square error are calculated
by the formulas

A = =D E—u—1) +as D)) + (1 —a)s D) TE(—u+ 1)
457! Z( 1)k+1(1)T(q>1<1>51)k (*(,k) — ﬁ(fk —-1) - A(fk; —u)+ H(—k —u— 1)) ,
k=1

and

A (f,&ﬁ) =52 ( (1-(1- @)%*sag — (1 — oz)ak.)2 + (1 —a)* (s = 1)1 —ag)*+ (1 — a)2> .
k

6. Minimax (robust) method of forecasting

Values of the mean square errors and spectral characteristics of the optimal estimates of functionals A{ and A NE
constructed from unobserved values of stochastic sequence ¢| (m) which determine a stationary stochastic GM
increment sequence X( )(5 (m)) with the spectral density matrix f()\) based on its observations &(m) at points
m=—1,—-2,... can be calculated by formulas (37), (36) and (43), (42) respectively, in the case where the spectral
density matrix f(X) is exactly known. In the case where the spectral density f () admits the canonical factorization
(38), formulas (71), (39) and (45), (44) are derived for calculating values of the mean square errors and spectral
characteristics, respectively.
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In many practical cases, however, complete information about the spectral density matrix is impossible while
some sets D of admissible spectral densities can be defined. In this case the minimax method of estimation of
functionals from unobserved values of stochastic sequences is reasonable. This method consists in finding an
estimate that minimizes the maximal values of the mean square errors for all spectral densities from a given class
D of admissible spectral densities simultaneously.

Definition 6.1
For a given class of spectral densities D a spectral density fo(\) € D is called the least favourable in D for the
optimal linear estimation of the functional A¢ if the following relation holds true:

A(fo) = A(hz(fo); fo) = max A(hg(f); f)-

Definition 6.2
For a given class of spectral densities D a spectral characteristic h°()\) of the optimal linear estimate of the
functional A¢ is called minimax-robust if the following conditions are satisfied

0 _ 0— : . _ 0.
h'(\) € Hp = fODLz (£), jmin maxAlh; f) = sup AR ).

Taking into account the introduced definitions and the relations derived in the previous sections we can verify
that the following lemmas hold true.

Lemma 6.1
A spectral density fo(A) € D satisfying the minimality condition (23) is the least favourable density in the class
D for the optimal linear estimation of the functional A{ based on observations of the sequence £(m) at points

m = —1,—2, ... if the operator F% defined by the Fourier coefficients of the function
BN P (™) 72 f5 V) 63)

determines a solution to the constrained optimization problem

I}leaé( ((DFa, F;Dﬁa» = (D"a, (F%)*lDHa> . (64)

The minimax spectral characteristic h® = hz(f°) is calculated by formula (36) if hz(f°) € Hp.

Lemma 6.2

A spectral density fo(A) € D which admits the canonical factorization (38) is the least favourable density in the
class D for the optimal linear estimation of the functional AE based on observations of the sequence £(m) at points
m = —1,-2,...if coefficients {¢°(k) : k > 0} of the canonical factorization

*

fo(A) = <Z wo(k)e_“k> (Z soO(k>e—“’f> (65)
k=0 k=0

of the spectral density f°()\) determine a solution to the constrained optimization problem

HDEA_SQFH2 — max, f(A) = (Z go(k)e_i)‘k> (Z so(k)e_i’\k> eD. (66)
k=0 k=0

The minimax spectral characteristic h° = hz(fo) is calculated by formula (39) if hz(f°) € Hp.

Lemma 6.3
A spectral density fo(A) € D which admits the canonical factorization (38) is the least favourable density in the
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—

class D for the optimal linear extrapolation of the functional A NE based on observations of the sequence £(m) at
points m = —1, —2, ... if coefficients {¢°(k) : k = 0,1, ..., N} from the canonical factorization

N N *
f0(>\) _ (Z ()OO(k)ez)\k) (Z S00(]{:)61)&) (67)
k=0 k=0

of the spectral density fo(\) determine a solution to the constrained optimization problem

*

N N
HDZAN%,NHQ = max, f()) = <Z <p(k)e“’<) (Z @(k)ei)‘k> eD. (68)
k=0 k=0

The minimax spectral characteristic h° = hi(fo) is calculated by formula (44) if h,, N (f°) € Hp.

For more detailed analysis of properties of the least favorable spectral densities and the minimax-robust spectral
characteristics we observe that the minimax spectral characteristic 2° and the least favourable spectral density fy
form a saddle point of the function A(h; f) on the set Hp x D. The saddle point inequalities

A(hs; fo) = A(R®; fo) = A(h°; ) Vf € D,Yhe Hp
hold true if h° = hiz(fo), hz(fo) € Hp and fj is a solution of the constrained optimization problem

A(f) = —A(hg(fo); f) — inf, feD, (69)

where the functional A(hg(fo); f) is calculated by the formula

N EGION

A(hﬁaﬂﬁ;f) = 5; 4@52“&5
o Xﬁ et

0o T
(Z((Fzrlwa)kei*’f) fo "V
k=0

i (D) (5
< fi ) (Z((Fgrlma)keM) T, (70)
k=0 Xz (e=#)

or by the formula

1 T X(gd)(e_“\)

0o T
A(hz(fo): f) ° W(D”‘Awﬁne”’“) (Ta(e™™)F ()

- k=0
o0 (d)(,—ix
0 (e—iAY)* TA 0, eirk M
x (9 (e=)) (kZ_O(DuA%)ke ) SCIaY dA (71

in the case where the spectral density admits the canonical factorization (38).
The constrained optimization problem (69) is equivalent to the unconstrained optimization problem

Ap(f) = A(f) +(f|D) — inf,

where 6(f|D) is the indicator function of the set D, namely 6(f|D) = 0if f € D and §(f|D) = +ocif f ¢ D. A
solution fj of this unconstrained optimization problem is characterized by the condition 0 € dAp( fo), which is the
necessary and sufficient condition under which a point f, belongs to the set of minimums of the convex functional
Ap(f) [10, 35, 33, 46]. This condition makes it possible to find the least favourable spectral densities in some
special classes of spectral densities D.

The form of the functional A(f) allows us to apply the Lagrange method of indefinite multipliers for
investigating the constrained optimization problem (69). The complexity of optimization problem is determined by
the complexity of calculating the subdifferentials of the indicator functions of sets of admissible spectral densities.

Stat., Optim. Inf. Comput. Vol. 8, September 2020



710 FORECASTING OF SEQUENCES WITH PERIODICALLY STATIONARY SEASONAL INCREMENTS

6.1. Least favorable spectral density in classes D

Consider the forecasting problem for the functional AE which depends on unobserved values of a sequence
&(m) with stationary GM increments based on observations of the sequence at points m = —1,—2, ... under the
condition that sets of admissible spectral densities D§, k = 1,2, 3, 4 are defined as follows:

Dy = {f(A) 217T/_’; Wf(A)dA:P }
o3 ={so0|5 | ’Wﬂ i =p }
Dl = {f()\) ;T/_ZWfkk(A)d)\pk,kl,T},
23 = {5 ;T/_mehfu»w:p},

where p, py., k = 1,T are given numbers, P, By, are given positive-definite Hermitian matrices.

From the condition 0 € dAp(fp) we find the following equations which determine the least favourable spectral
densities for these given sets of admissible spectral densities.

For the first set of admissible spectral densities D} we have equation

<Z<<F2>‘1D“a)kei*k> (Z((Fg)—lpua)kew> -

k=0 k=0
G e Wy ¢ G
:(Wfo(/\) &-a Wﬁ)()\) . (72)

where & is a vector of Lagrange multipliers.
For the second set of admissible spectral densities D3 we have equation

oo oo * g) e—i)\ 2 2
(Z((Fﬁ)‘lD“a)ke“’“> (Z((Fﬁ)‘lD“a)ke”’f) = o <|)|<§<d(><u))2| fo(>\)> : (73)

k=0 k=0

where o is a Lagrange multiplier.
For the third set of admissible spectral densities D we have equation

(Z«Fﬁrlmanew) (z«Fg)—lma)kew) _

k=0 k=0
\X(Td)(efi’\)\z |X§1)(e—i,\)|2
= (Wfo()\) {ai5kl}:7l:1 Wfo()\) , (74)

where o} are Lagrange multipliers, d; are Kronecker symbols.
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For the fourth set of admissible spectral densities Di we have equation

(Z((Fg)lDMa)kei/\k> (Z((Fg)lDua)kel)‘k> =

k=0 k=0
e ()P s ()P
a2 i T 0
where a? is a Lagrange multiplier.

In the case where the spectral density admits the canonical factorization (38) we have the following equations,
correspondingly

(i@”As@ﬂ)w"“ﬂ) (fj(D“szneM)* = (@%(e™)Ta- @Y ), (76)
k=0 k=0
(i(D“Awﬁ)ke”’“> <§:(D“A<p2)kei)‘k> * =a? (‘IJ%(B_M))T@%(e—“‘). a7
k=0 k=0
(i(D”Awﬁ)kem> (i@“As@ﬁ)ke”k) - (@%(e=™)T {afou},,_, ®o(e=), (78)
k=0 k=0
(i@”A@i)keM (i(D“AwL’)ke“’“) - (@ (e7)) T B @Y (e ), (79)
k=0 k=0

The following theorem holds true.

Theorem 6.1

Let the minimality condition (23) hold true. The least favorable spectral densities fo()\) in the classes Df,
k=1,2,3,4, for the optimal linear estimation of the functional AE from observations of the sequence 5 (m) at
points m = —1, —2, ... are determined by equations (72), (73), (74), (75), (or equations (76), (77), (78), (79) in the
case where the spectral densities admit the canonical factorization (38), respectively), the constrained optimization
problem (64) and restrictions on densities from the corresponding classes D, k = 1,2, 3, 4. The minimax-robust
spectral characteristic of the optimal estimate of the functional Ag is determined by the formula (36).

6.2. Least favorable spectral density in classes DY

Consider the forecasting problem for the functional A¢ which depends on unobserved values of a sequence
&(m) with stationary GM increments based on observations of the sequence at points m = —1,—2, ... under the

condition that sets of admissible spectral densities ng, k=1,2,3,4 are defined as follows:

(d)(efiA)‘z

DY = {fm‘vm <f0 <UL [ I

R IoyE (W:Q}’

T D (g—iXy |2
Dy’ = {f(A) VO] £ T () < T o) o [ WT PO = q},
T D (p—iny |2 L
Dgg = {f()\) Ukk(A) < fre(A) < ugr(N), %/_ Mfkk()\)d)\ =qr, k= laT}v

T Ld) e—ik 2
DY {f(A)} (B2, VON) < (Ba, SO0 < (B2 U 5 [ w (Ba. f(N)) A = q}.
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Here the spectral densities V' ()\), U(\) are known and fixed, ¢, qx, k = 1,7 are given numbers, (), By are given
positive definite Hermitian matrices.

From the condition 0 € OAp(fp) we find the following equations which determine the least favourable spectral
densities for these given sets of admissible spectral densities.

For the first set of admissible spectral densities Dgl we have equation

<Z<<F2>‘1D“a)ke“’f> (Z((Fg)—lpua>kew> =

k=0 k=0

|X(d)( —id)|2 - |X(d)( -2
<|ﬁ(z)\)|2f0<)‘)> (B8 +T1(A) +T=2(N) (Wfo()\)> , (80)

where 3 is a vector of Lagrange multipliers, 'y (A) < 0 and Iy (A) = 0 if fo(A) > V/(A), T2(A) > 0 and T'5(\) = 0
if fo(A) <U(N).

. . 2 .
For the second set of admissible spectral densities DY/~ we have equation

oo 9] * (d) (,—ixy|2 2
(Z((Fﬁ)lD’La)keM’“> (Z((Fﬁ)lD“a)ke’“) = (B +nN) + 7)) (Wfo(/“) ; 8D

k=0 k=0

where 32 is Lagrange multiplier, 1 (\) < 0 and 1 (\) = 0 if Tr [fo(\)] > Tr [V(N)], 72(A) > 0 and y2()\) = 0 if
Tr [fo(N)] < Tr[U(N)].

. . . 3 .
For the third set of admissible spectral densities DY~ we have equation

(Z((Fg)lDHa)kei/\k> <Z((F?L)1Dﬂa)kel)\k> =

k=0 k=0

‘ g)(e_i'\)\z | (ﬁ)(e—i)\)|2

where 37 are Lagrange multipliers, dj; are Kronecker symbols, v15(A) < 0 and 15 (A) = 0 if £ (A) > ver(N),
’YQk()\) > 0 and ’ygk(/\) =0if fl?k(/\) < ukk()\).
For the fourth set of admissible spectral densities DY/ * we have equation

<§:((F2)—1pﬂa)keikk> (i((Fg)—lDua)keiAk> _

k=0 k=0
) / / |Xgi)(67i>\)|2 ‘X(d)( 71/\)|2

where (32 is Lagrange multiplier, 7} () < 0 and +;(\) = 0 if (Ba, fo(\)) > (Ba, V()\)), 7%(A) > 0 and v4(\) =0
if (Bz, fo(A)) < (B2,U(})).

In the case where the spectral density admits the canonical factorization (38) we have the following equations,
correspondingly

(Z(D“szne“’“) (Z(D*‘Awﬂ)ke”’“> = (%) T(B- B +T1(N) +T2(N) %(e=?),  (84)

k=0

(Z(nﬂA% ) <Z DFAGY)1e ) = (8% + 1 () +20)(@5(e™) T B(e),  (©89)

k=0
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= (@57 )T {82 + eV + 126N}y, D), (86)

0o 00 *
(Z(D”A‘pg)’“em> (Z(D“Awﬁ)ke’”> = (82 + 7 (A) + 735 (A) (@) T By @%(e=),  (87)
k=0 k=0
The following theorem holds true.

Theorem 6.2 .
Let the minimality condition (23) hold true. The least favorable spectral densities fo()\) in the classes DY",
k=1,2,3,4, for the optimal linear estimation of the functional Ag from observations of the sequence { (m) at
points m = —1,—2, ... are determined by equations (80), (81), (82), (83) (or equations (84), (85), (86), (87) in the
case where the spectral densities admit the canonical factorization (38), respectively), the constrained optimization
problem (64) and restrictions on densities from the corresponding classes DY/ k, k =1,2,3,4. The minimax-robust
spectral characteristic of the optimal estimate of the functional AE is determined by the formula (36).

6.3. Least favorable spectral density in classes D.

Consider the forecasting problem for the functional Ag which depends on unobserved values of a sequence
&(m) with stationary GM increments based on observations of the sequence at points m = —1,—2, ... under the
condition that sets of admissible spectral densities D¥, k = 1,2, 3, 4 are defined as follows:

g @) e—i)\ 2
22 = { SO0 0] = 1= T L]+ T o [ WT i =p}:
n ‘X(gd)( —z)\)‘2

D2 = {fw

SeeN) = (1= &) fre(A) + ewrr (M), %[ (N =pg, k=1 T}

L IB@nE

™ \d 6—1,)\ 2
D!~ {f(A)' (Bu, FO0) = (1= €) (B, l(N) + < (By, W) Zi | W (B2 s r =

I |X(d)( —1)\)|2
D! (1- W(A), ———————f(A\)dA=P .
Here f;(\) is a fixed spectral density, W () is an unknown spectral densny, p, pr, k = 1, T, are given numbers, P
is a given positive-definite Hermitian matrices.
From the condition 0 € dAp(fo) we find the following equations which determine the least favourable spectral
densities for these given sets of admissible spectral densities.
For the first set of admissible spectral densities D! we have equation

) e’} * (@), —ixy|2 2
(Z((Fg)lD#a)keiAk> (Z((FZ)IDMa)keMk> — (QQ + 71()\)) (Wﬂ)(x\)) s (88)

k=0 k=0

where o? is Lagrange multiplier, 1 (\) < 0 and v, (\) = 0if Tr [fo(A\)] > (1 — &) Tr [f1(N)].
For the second set of admissible spectral densities D? we have equation

<Z((F2)_1D“a)keikk> <Z((F2)—1D#a)kei)\k> _

k=0 k=0
P (e )P 1 D (e
= <|ﬁ(d)(2)\)|2f0(>\)> {(Oéi +'Yk(/\))5kl}:7l=1 (W(l/\)gfo()\) , (89)
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where o2 are Lagrange multipliers, v/ (A\) < 0 and 74 (\) = 0if fo.(A) > (1 — &) fi (V).
For the third set of admissible spectral densities D2 we have equation

<i<<F2>-1DHa>kew) (iqu)—lma)kem) _

k=0 k=0
, I (e )2 D (e
= (o + (V) (W(M)Pfo()\)> B <|ﬁ(d)(z'/\)2f0()\) , (90)

where o is a Lagrange multiplier, v} (\) < 0 and 74 (A\) = 0if (By, fo(\)) > (1 — &)(B1, f1(\).
For the fourth set of admissible spectral densities D we have equation

<Z((F2)1D“a)keikk> <Z((F2)1Dﬂa)kew\k> _

k=0 k=0
XD (=) 2 L s (=)
(mwwf“”) ) (wwm oD

where @ is a vector of Lagrange multipliers, I'(\) < 0 and I'(\) = 0if fo(A) > (1 — ) f1(N).

In the case where the spectral density admits the canonical factorization (38) we have the following equations,
correspondingly

<Z<D“A“”?‘)’“em> <Z<D“Asoﬁ>ke”k> = (a® + 71 (N)(2%(e~)) TBY (=), 92)

k=0 k=0

93)

Il
—~
oA
[=)
—
|
N
>
N
N~—
-
—~—
—
Q
TN
+
)
T
—
>
Ny
—
=%
z
——
3
Il
—_
KA
o
—~
9]
L
>
S~—"

( <D#A¢2>kew> (ZwﬂA@z)keM)
k=0

k=0

(i(D“Awﬂ)ke”’“> (i(DMASDZ)kei/\k> = (a® + 7 (V) (@g(e™™)) T B @) (=), (94)
k=0

k=0

<Z<D“Aw2>kem> (Z(D”Asoz)kem) = (@) (@@ TP D), (95)

k=0
The following theorem holds true.

Theorem 6.3

Let the minimality condition (23) hold true. The least favorable spectral densities fy(\) in the classes Df, k=
1,2, 3,4 for the optimal linear estimation of the functional Ag from observations of the sequence 5 (m) at points
m = —1,—2, ... are determined by the equations (88), (89), (90), (91) (or equations (92), (93), (94), (95) in the
case where the spectral densities admit the canonical factorization (38), respectively), the constrained optimization
problem (64) and restrictions on densities from the corresponding classes D, k = 1,2, 3, 4. The minimax-robust
spectral characteristic of the optimal estimate of the functional Af is determined by the formula (36).

6.4. Least favorable spectral density in classes D1

Consider the forecasting problem for the functional AS which depends on unobserved values of a sequence
&(m) with stationary GM increments based on observations of the sequence at points m = —1,—2, ... under the
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condition that the sets of admissible spectral densities Dl 5.k =1,2,3,4 are defined as follows:

7 (@D —ixy2
D}, - {f(A) o [ )~ Al < a} ;
T —iA)|2
Di;:{f(A) [ W‘fkk f,ik()\)‘d)\<6k7k:l,T};
) L g e
Dy = f()\)%/ WKB%JC()\)—JCN)\»W)\S(S ;
T (d) [ —ixy|2 ] L
D, = {fm = [ W|fij<A>—fig-<A>|dAs(sz,i,jzl,T}.

Here f()\) is a fixed spectral density, d, 0y, k = 1,7, 61, ,j =1, T, are given numbers.

From the condition 0 € OAp(fp) we find the following equations which determine the least favourable spectral
densities for these given sets of admissible spectral densities.

For the first set of admissible spectral densities D1 ; we have equation

o oo * (d) e—i)\ 2 2
(Z((Fﬁ)‘lD“a>ke”’“> (Z((Fﬁ)‘lD“aneM) = 3"12(\) <Wfo(>\)> . %0)

k=0 k=0

d —1
™ g ()P

o | er(fo()\)*fl()\md)\:é, CL)

where 32 is Lagrange multiplier, |y2(\)| < 1 and

Y2(A) = sign (Tr (fo(A) — f1(N))) = Tr(fo(A) — f1(A)) #0

For the second set of admissible spectral densities D7; we have equation
(S prae ) (S e ) -

k=0 k=0
|X(d)( —M)|2 |X(d)( —z)\)|2
(W(Z/\)P ) ) {8V 5kl}£z:1 Wfo@\) , (98)

T —iAY|2
/ wmk = firN)|dA = o, (99)

where 37 are Lagrange multipliers, (/\)| < 1and

T(A) = sign (fr V) = fieN) =[x = fin(N) #0, k =1,T.

For the third set of admissible spectral densities D35 we have equation
<Z<<F2>—1Dﬂa>kem> (Z((Fzrlma)ke”’f) -
k=0 k=0
e (=) e (e ™)
:2/)\7/\BT#7>\ 100
ﬁ 72( ) |ﬁ(d)(2/\)|2 fO( ) 2 |B(d)(1)\)|2 fO( ) ) ( )
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™ —iA) |2
o [ B o)~ RO A= (101)

where 32 is a Lagrange multiplier, |v5(\)| < 1 and
V3(A) =sign (Bz, fo(A) = fi(N)) + (B2, fo(A) — f1(A)) # 0

For the fourth set of admissible spectral densities D}; we have equation

<§:((F2)_1D“a)keuk> <§:((F2)—1Dlta)kei)\k> _

k=0 k=0
i (€ _M)P ro (D e

— <W(M)|2 o(A )) {Bij (A)yizi (A )}i,jzl <|ﬁ(‘1)(i)\)|2fo(>\) , (102)

™ (d) [ —ix |2

o ) lT((MﬁH A) = f5(N)]dx = 6], (103)

where 3;; are Lagrange multipliers, |v;;(A)| < 1 and

=) .
’Yij()\)—m~ ) = [N #0, 4,5 =1,T.

In the case where the spectral density admits the canonical factorization (38) we have the following equations,
correspondingly

(Z(D“Awﬁ)ke“k> (ZwﬂA@z)keM) — B29(N) (@) BT, (104)

k=0 k=0

<Z DFAQY ke )(Z(Dqug)keuk> — (BY(e —IANT L822(N) 5kl}:’l:1 B0 (=), (105)
k=0

k=0

(Sowmaster ) (Sooade) o) Bwe, v

k=0 k=0

(Z(D“Awﬂ)ke“’“> <Z<DﬂA¢§1)kem> = (%) T {Bi; (V)1 (N}, Poe=), (107)
k=0

k=0
The following theorem holds true.

Theorem 6.4
Let the minimality condition (23) hold true. The least favorable spectral densities fo(\) in the classes Dfs, k =

1,2, 3,4 for the optimal linear estimation of the functional Ag from observations of the sequence 5 (m) at points
m = —1,—2, ... are determined by equations (96), (97); (98), (99); (100), (101); (102), (103) (or equations (104),
(105), (106), (107) in the case where the spectral densities admit the canonical factorization (38), respectively),
the constrained optimization problem (64) and restrictions on densities from the corresponding classes DX, k =
1,2, 3, 4. The minimax-robust spectral characteristic of the optimal estimate of the functional Af is determined by
the formula (36).
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7. Conclusions

In this article, we present results of investigation of stochastic sequences with periodically stationary long memory
multiple seasonal increments. We give definition of generalized multiple increment sequence and introduce
stochastic sequences ((m) with periodically stationary (periodically correlated, cyclostationary) generalized
multiple increments. These non-stationary stochastic sequences combine periodic structure of covariation functions
of sequences as well as multiple seasonal factors, including the integrating one. A short review of the spectral theory
of vector-valued generalized multiple increment sequences is presented. We describe methods of solution of the
classical forecasting problem for linear functionals which are constructed from unobserved values of a sequence
with periodically stationary generalized multiple increments in the case where the spectral structure of the sequence
is exactly known. Estimates are obtained by representing the sequence under investigation as a vector-valued
sequence with stationary generalized multiple increments and applying the Hilbert space projection technique. An
approach to forecasting in the presence of non-stationary fractional integration is discussed. Examples of solution
of the forecasting problem for particular models of time series are proposed. The minimax-robust approach to
forecasting problem is applied in the case of spectral uncertainty where densities of sequences are not exactly
known while, instead, sets of admissible spectral densities are specified. We propose a representation of the
mean square error in the form of a linear functional in L; with respect to spectral densities, which allows us
to solve the corresponding constrained optimization problem and describe the minimax (robust) estimates of
the functionals. Relations are described which determine the least favourable spectral densities and the minimax
spectral characteristics of the optimal estimates of linear functionals for a collection of specific classes of admissible
spectral densities.

Appendix

Proof of Lemma 2.1
We have

r r d;
[To -zt = TL{ e (5 )mee

=1 i=1 \j;=0
r dihisi i
= (1)l /s ( o >H{j' mod p;8; = 0} B
7:1;[1 Z:o i/ misil) " o
— ~ Ji r T d;
T, Mt Ji i [
= Z . Z ((—1) i=1 "4 HIZJ H (sz)> BEzflj .
j1=0 Jr=0 i=1 i=1 i
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By replacing consequently j; — k1, k1 + jo — ko, ko + j3 — k3, ..., kr—1 + J» — k, := k, we obtain

T ni+ns niAks ns A . .
si\d; _ 2= 1+M~1 ko—k1 7k
I |(1—BM) = g E g E I I
i=1 ko=0 ki=0Vka—ns js=0  j.=0
do ) ( dy is
M * Ji k2+z Ji
X\ o ks —k k - I II | I B =3
2 1 1 Jl
<M2 M M
ni+ne+nz ni+naAks niAka

S SR S DD SRS o= H

ks=0  ka=0Vks—ng k1=0Vka—nz ja=0  j.=0

xH( bk ) ((1) Lmﬁ'iﬁgiﬁ (]\jj >> Bra+ ST

=3 =3 v

where e, (k) are coefficients from the lemma statement. [J

Proof of Theorem 2.2

We follow the idea proposed by Yaglom [51] for continuous time stationary increments. Consider a GM

increment sequence with one seasonal factor XE{{L (n(m)) = ng )( m,p) = (1 — Bj)dn(m). Formula (8) implies

ng) (M) = Eﬁgd)(m, ,U) = (Ao +A1+...+ A(#,l)d)cgd)(l) = Mdcgd)(l) = C,ud7

where ¢ = ¢{* )( 1) does not depend on .

Since D" )(m; i, ) is a positive-definite function with respect to variable m, one can define a function F), 5(\)
depending on the parameter i, which is a real bounded non-decreasing left-continuous with respect to A € [—7, )
function, such that

T

D (s, 1) — / AAE, (M. (108)

—T

Again, formula (8) implies

S (n=1)d (p—1)d
En'® (my + m, p)ns ( )( ) = Z Z A, AEnD (my +m—ps,1)n£d)(m2 —gs,1)

x (b= l)d(# 1)d

/ Z Z A A ez/\(m (p— q)s)dFl ()\)

(k— 1)d (u—1)d

/ ez)\m Z A e—zpsk Z A ezqs)\dFls(/\)

B ™ i (1 _ efzus)\)d (1 _ ezusA)d
= / A= e (1= eisnyd dF1s(N).

Thus,
g T _ d
/eim*dF#,s()\):/ g (L= COSISNT (109)

o (1 — coss)?

The latter equality implies

A d
1_ 3
Fya(N) = / U Zcospsw)”p (),
0

(1 — cos su)4
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and

A (@) (o) |2 A @ ()12
/O MdF”’S(“): /0 (5(>|dF1,S<u), (110)

1 — cos pusu 1 — cos su)?
where the function (%) (iu) is to be chosen in the way that the integrals are defined for A\ € [, ) and converge at
the neighborhoods of the points cos su = 1, u € [—m, 7], namely, the points u = 27k/s for |k| < s/2, k € Z. Thus,

we choose the function (%) Hk/ ][5/2]( iu — 2mik/s)?.
The right side of equality (1 10) doesn’t depend on k, thus, put

1B
F(\) = 2d/0 mdﬂt,s(iﬁ (111)

The function F'(\) is real-valued non-decreasing bounded function defined on [—m, ), such that F'(0) = 0.
Consider the function F'()\) as left-continuous. This function is the one stated in the theorem.
Relation (11) for r = 1 is obtained by considering the following equality for positive p1, po:

n _ " im\ (]' — eiipds}\)d (]' — eip,gs)\)d
Dg )(mvulnuﬁ) - /ﬂe (1 _e_is)\)d (1 _eisk)d Fy S()‘)

T ; ; 1
imA _ —iprsA\d 1 _ ipu2sA\d
/_Fe (1—e ) (l—e ) 7\B(d)(i)\)|2dF(/\)'

For negative 111, u2, equality (7) is applied.

By generalizing for » > 1 the given reasonings, we obtain the relations (10) and (11). O

Proof of Lemma 3.1
Using Definition 2.3 we obtain the formal equality

k

_ 1 NG (n
fp(k)—m u.5&p(k)) = j_z_:oodu(k &),
which imply
o) -1 e} o)
YoapkEk) = — vp<i>£p<i>+z<2ap<k>d#<k >> X (& (1)), (112)
k=0 i=—n(y) i=0 \k=i
k+n(v) o0 ktn(v)
Zb DXTLE (i) = Z k) D el =Rby(k) + Y &k) Y el —kby(k), (113)
k=—n(y) =0 k=0 =k

Relations (112) and (113) imply a representation Ag = BE — VE and relations which prove the lemma:

k+n(y)

wk) = Y el-kb0), k=-1,-2...,-n(y), p=12....T,
=0

(k) = > dg(m—kay(m), k=0,1,2,..., p=12,...,T. O
m=k
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