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Abstract P-tensor and Py-tensor are introduced in tensor complementarity problem, which have wide applications in
many fields such as game theory, tensor complementarity problem. In this paper, we discuss how to check whether
a given symmetric tensor is P(Pg)-tensor or not. For a symmetric tensor, it is a P(Pg)-tensor is equivalent to the
positivity(nonnegativity) of a polynomial optimization problem. For such polynomial optimization problem, a SDP
relaxation method is proposed. By the proposed method, the P(Pg)-tensor can be detected by solving a finite number of
SDP relaxations. Furthermore, numerical examples are reported to show the efficiency of the proposed algorithm.
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1. Introduction

For positive integers m and ny,ng, - -+ , Ny, an m-order and (ny,ng, - - - , N,y )-dimensional real tensor is an array
in the space R™ *"2>x"m _Every tensor .A from this space can be indexed as

A= (i iyein,)s 1< <n;, j=1,2,---m. ()

When n; =--- =n,, =n, A is called an m-order n-dimensional square tensor. In such case, the tensor space
Rrxn2xXnm jg denoted as T™(R™). A tensor in T™ (R™) is said to be symmetric if its entries are invariant under
permutations of indices (i1,1s,...,%,). The subspace of symmetric tensors in T"*(R™) is denoted as S™(R").
Using the notation as in Qi [16], for A € T™(R") and z := (x1,...,7,)T € R", we denote

m Pp—
Az™ = 3 Giyigein Ti Tyt Ty

1<iy, - im<n

m—1 R
Az = ( > Ajigvi Tig * 5%) .
J

1<ig, - im<n

2

=1,...,n

Note that Az™~1 € R™. Denote [p] = {1,2,...,p} for every positive integer p in this paper. With these notations,
the definition of P(Pg)-tensor is presented, introduced in [18].

Definition 1
For A € T™(R™), A is said to be a
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(i) Po-tensor if and only if for any nonzero vector x € R™, there exists ¢ € [n] such that z; # 0 and
zi(Az™1); > 0; (3)
(i1) P-tensor if and only if for any nonzero vector z € R”,

max z;(Az™~1); > 0. 4)

i€[n]

This definition can be regarded as an extension of P(Py)-matrix, which plays important roles in linear
complementarity problems and variational inequalities, see [4, 6, 14].

For symmetric P(P)-tensors, some properties of tensor are presented in [18]. It is shown that a given symmetric
tensor is P(Pp)-tensor if and only if its smallest Z(H)-eigenvalue is positive(nonnegative). Furthermore, there does
not exist odd order P-tensor and nonzero Py-tensor. For even order symmetric tensor, it is a P(Pg)-tensor if and
only if it is positive (semi-)definite. For computing the smallest Z(H)-eigenvalue, Qi et al. [17] discuss the case of
(m,n) = (3,2). Later shifted power methods are proposed in [8, 19]. Recently, SDP relaxation method is applied
to compute Z(H)-eigenvalues in [1].

Motivated by these fact, in this paper, we propose a numerical method by solving SDP relaxations to check
whether the given symmetric tensor is P(Pg)-tensor or not. Furthermore, it is a P-tensor if the minimum of SDP
relaxation is positive; it is a Pg-tensor but not P-tensor if the optimal value of the polynomial optimization problem
is zero; it is not a Py-tensor if the optimal value of the polynomial optimization problem is negative.

This paper is organized as follows. Section 2 gives preliminaries on polynomial optimization. Section 3 presents
SDP relaxation method of polynomial optimization problem to check symmetric P(Pg)-tensor. Numerical examples
are presented in Section 4.

2. Preliminaries

In this section, we review some basics in polynomial optimization. We refer to [10, 11] for surveys in polynomial

optimization.
In the space R™, the symbol || - || denotes the standard Euclidean norm. Let R[z] be the ring of polynomials with
real coefficients and in variables x := (1, ..., x,), and let R[x], be the set of real polynomials in 2 whose degrees

are at most d.
For a polynomial tuple h = (hy, ho, - - , hs), the ideal generated by h is the set

I(h) :==hy -Rlz] + he - Rlz] + - - - + hs - R[z].
The k-th truncation of I(h) is the set
Iii(h) == h1 - Rl&]p_geg(ny) + - + hs - Rl&]p_geg(n.)-
The complex and real algebraic varieties of h are respectively defined as
Ve(h) :={x € C" | h(z) =0}, Vr(h):=Vc(h)NR".

A polynomial p is said to be sum of squares (SOS) if there exist p1, pa, - - - p, € R[x] such thatp = p? +p2 +--- +
p2. The set of all SOS polynomials is denoted as X:[z]. For a given degree m, denote

Y[z]m = Z[z] N R[z]m,.
The quadratic module generated by a polynomial tupe g = (g1, - - , g¢) is the set
Qg) = X[a] + g1 - Xfz] + -+ + g¢ - Bla].
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The k-th truncation of the quadratic module Q(g) is the set

Qi(9) == Zlzlar + 91 - Blz]ok—deg(gr) T+ + 9t - Blz]ok—deg(g0)-

Note that if g = () is an empty tuple, then Q(g) = X[z] and Qx(g) = X[x]2k-
Let N be the set of nonnegative integers. For z := (x1,...,2,), @ := (a1, ..., a,) and a degree d, denote

Q

=t anr, o=+t an, Nji={aeN':|aof <d}.

Denote by RNd the space of all real vectors y that are indexed by a € N7. Fory € RNi | we can write it as
y=(a), ae€Nj.

For f = ZaeNg far® € Rlz]g and y € RYa, we define the operation
(f9) = D fala )

aeN?
For an integer ¢ < d and y € RV¢, denote the ¢-th truncation of ¥ as
Yle == (ya)aeN;“ (6)

Let ¢ € R[z] with deg(g) < 2k. For each y € RNZ,, (gp?, y) is a quadratic form in vec(p), the coefficient vector

of the polynomial p with deg(qp?) < 2k. Let L(gk) (y) be the symmetric matrix such that

(ap?,y) = vee(p)” (L () ) vee(p). )
The matrix L((Ik)(y) is called the k-th localizing matrix of ¢ generated by y. It is linear in y. For instance, when
n:2,k:2andq:z1xzf:c%fx%,

@ Y11 — Y20 —Yo2 Y21 — Y30 — Y12 Y12 — Y21 — Yo3
Lxlngxffazg (y) = Y21 — Y30 — Y12 Y31 — Y40 — Y22 Y22 — Y31 — Y13
Y12 — Y21 —Yo3 Y22 — Y31 — Y13 Y13 — Y22 — Yo4

If g =(q1,...,q) is a tuple of polynomials, we then define
LP(y) = (Lé'f) ()., LYY (y)) : ®)
When ¢ = 1 (the constant 1 polynomial), Lgk) (y) is called the k-th moment matrix generated by y, and we denote

Mi(y) := L (). ©)
For instance, whenn = 2 and k£ = 2,

Yoo Y10 Yo1 Y20 Y11 Yo2
Yo Y20 Yi1 Y30 Y21 Y12
M, ( y) Yo1r Y11 Yo2 Y21 Y12 Yo3
Y20 Ys0 Y21 Ya0 Y31 Y22
Y1 Y21 Yi2 Y31 Y22 Y13
Yo2 Y12 Yo3 Y22 Y13 Yo4

For a degree d, denote the monomial vector
10)

[m]d::[lxl...xnx%zlxz...xn...ajl cee
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3. Checking symmetric P(P,)-tensor

In this section, we propose a numerical method to check whether a given symmetric tensor is P(Pg)-tensor or not.
From [18], for a symmetric tensor, it is a P(Pg)-tensor if and only if it is positive (semi-)definite. Furthermore, the
positive (semi-)definiteness is equivalent to positivity(nonnegativity) of the smallest Z(H)-eigenvalue. Motivated
by this, we propose a numerical method to check the P(Pg)-tensor. Before proceeding, we recall the definition of
Z(H)-eigenvalues.

Definition 2
For A € T™(R"), anumber A € R is called a Z-eigenvalue of A if there exists a vector v € R™ such that

Aum ™t =, wlu=1. (11)

(The superscript 7 denotes the transpose.) Such u is called a Z-eigenvector associated with A, and (A, ) is called a
Z-eigenpair. Furthermore, a number a € R is called an H-eigenvalue of A if there exists 0 # v € R"™ such that

Av™ 1 = qulm=1, (12)

(The symbol vl denotes the vector such that (v™~1); = (v;)™~! for i = 1,...,n). Such v is called an H-
eigenvector associated with «, and («, v) is called an H-eigenpair.

From [13], the smallest Z(H)-eigenvalue is the optimal value of the following optimization problem

ffi=min Az™
st xlzlml =1, (13)
where zlFl = (z¥) € R™. f* is the smallest Z-eigenvalue when m’ = 1, and f* is the smallest H-eigenvalue when
m’ = m — 1. The computation of (13) for m’ = 1 and m’ = m — 1 are similar, hence we only adopt m’ = 1 for
cleanness in the following.
The first order optimality condition of (13) with ' = 1 can be written as following

zle =1,

{ mAz™ 1 — \z =0,

for some A € R. It is clear to see that A = m.Az™. Based on this observation, we consider the following
optimization problem

min  Az™

st Azm = (Az™)z, 14)

Tz =1.

It is clear to see that problems (13) and (14) are equivalent, that is, they have the same optimal solution. Hence, it
suffices to consider problem (14). For convenience, we introduce the following notations

f(z) = Az™,
{ h(z) ={zTx—1, Az™ ' — (Az™)x}. as)

Now problem (14) can be rewritten as
min  f(x)
st h(z)=0. (16)
Lasserre’s hierarchy ([9]) of semidefinite relaxations for problem (16) is
py) = min (fy)
s.t. Lgbk)(y) =0, ’ a7
(Ly) =1, Mi(y) = 0, y € R,
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where k = ko, ko + 1,... and ko = [Z1]. Here [t] is the smallest integer that is larger than or equal to ¢. Matrix
X > 0 means that X is positive semidefinite, and matricengk)(y), My (y) are defined in (8) and (9). The dual
optimization problem of (17) is

2 ._

P max 0 (18)

st. f—0¢€ Iy(h).

As in [9], it can be shown that for all k&
o <o < f

and the sequences { pg) }and { p,(f)} are monotonically increasing. Furthermore, suppose y* is a minimizer of (17).
If there exists a real integer ¢ € [ko, k] such that

rankM;i_i, (y*) = rankM(y*), (19)

then p](€1) = f*,and we can get r := rankM,;(y*) global optimizers of (16) (cf. [12]). It is clear to have the following
results.

Theorem 1
Tensor A is a P-tensor if pg) > 0, and tensor .A is a Py-tensor but not a P-tensor if and only if f* = 0. Furthermore,
tensor A is not a Py-tensor if and only if f* < 0.

Based on this result, we present our numerical algorithm here.

Algorithm 1
To check the membership problem of P(Pg)-tensor

Step 0: For tensor A, write polynomial tuples fand h as in (15). Let k = [ 1]

Step 1: Solve the hierarchy of (17) for k£ and get p,(cl) with minimizer y;.

Step 2: Check p,(cl). If p,(gl) > 0, then A is a P-tensor and stop; if pg) = 0 and rank condition (19) with y;; holds for
some t, then A is a Pg-tensor but not P-tensor and stop; and if p](€1) < 0, rank condition (19) is satisfied for
some ¢, then A is not a Po-tensor and stop. If rank condition (19) with y;; fails, let k := k£ 4 1 and go to Step
1.

Theorem 2
Let A € S™(R™). Then we have:

1. lim p,(gl) = f* when tensor A is not a P-tensor.
k—o0

2. If Vi(h) is finite, pg) = f* and rank condition (19) is satisfied for some k. Hence, Algorithm 1 terminates in
finitely many steps.

The proof can be seen from Theorem 3.1 in [13] and omitted here.

4. Numerical Examples

In this section, we give numerical examples for how to check whether a given tensor is P(Pg)-tensor or not. The
computation is implemented in MATLAB 7.10 in a Dell Linux Desktop with 8GB memory and Intel(R) CPU
2.8GHz. The software Gloptipoly 3 [7] is used to solve the semidefinite relaxations. For convenience, we use
the following notation: for any iy, s, ..., %, € [n], we use 7(i1ia - - - i,,) to denote a permutation of 414y - - + iy,
and S (i iy...i,,) to denote the set of all these permutations. p,(cl) =0if \p,(cl)| < le — 5 in the following numerical
examples. For cleanness, only four decimal digits are displayed.
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Table 1

a times | P(Pg)-tensor?
-2 0.26s not Py
—+v/15 | 0.29s | Py but not P

-1 0.16s P
0 0.16s P
1 0.16s P

V15 | 0.29s | Py butnotP
2 0.27s not Py

Example 1
([5], Example 3.1) Consider the nonnegative tensor A € S3 5 such that

ai11 = 100, az22 = 3,a333 = 1,
aii2 = a3 = a2 = a133 = 1,
a223 = 3,a233 = 2.5,a123 = 0.

By [5], A is not a Py-tensor. Using Algorithm 1, it is obtained that f¢ = —100.0034. The detection takes about
0.15 seconds to assert that the tensor is not a Py-tensor.
Example 2
([2], Example 5.8) Consider the tensor A € Sg 3 is given by

a333333 = 1,

The corresponding polynomial of the tensor A is
f(x1, 20, 03) = x123 + 2ial + 2§ — 3232323,

This is the famous Motzkin polynomial, which is nonnegative but not a sum of squares. By Algorithms 1, it is
obtained that f* = 0. The detection takes about 0.60 seconds to assert that the tensor is a P-tensor but not Po-tensor.
This confirms the fact that the Motzkin polynomial f(x1,z2, x3) is positive semi-definite from [2].

Example 3
([3], Example 4.1) Consider tensor A € Sg 4 such that

11
111111 = (222222 = 7, (333333 = (444444 = 1,
3

-3,
o _2
1112%3%4%516 €ESn (334444) 1112134156 5°
The corresponding polynomial of the tensor A is
11 11 15
f(xl,x2,$37l'4) = Zx? + ng + l'g + 1’2 - 3(Ei’l’§ + 6%31’1

By [3], -1 is the minimum H-eigenvalue of .4, that is, .4 is not a Py-tensor. By Algorithm 1, it is obtained that
f* = —0.2500. The detection takes about 1.8 seconds to assert that the tensor is not a Py-tensor.

Example 4
Consider the tensor A € S, 3 with the entries a;;;,; = 0 except

a
ai111 = 2, a2 = 3, a3333 = 5,a1123 = 3
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Similar to [15], a is chosen different values. In table 1, we report the results, where “times” denotes the elapsed
time.

5. Conclusion

In this paper, we proposed a SDP relaxation method for checking whether a given symmetric tensor is P(Pg)-tensor
or not. We determine P(Pg)-tensor by solving a finite number of SDP relaxations. As a prospect, whether such
method can be applied to check a nonsymmetric P(P)-tensor is our future research.
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