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1. Introduction

Fixed point theorem with the PPF (past, present and future) dependence was initiated in the work of Bernfeld et
al. [3], where they gave great results concerning with fixed point for the mappings which are different domains
and ranges. Also, they introduced the notion of Banach type contraction and proved some important results under
this contraction. Many authors worked in this direction and obtained common fixed point for pair or families of
contractive mappings in metric and abstract space (see [2, 5, 6, 8, 9, 10, 14, 18, 19]) and others. These results are
useful for proving the existence solutions for certain functional differential equations.

Nice work presented by Spacek [26] and Hans [12] for studying random fixed point theorems in abstract spaces,
they initiated this idea to get stochastic generalizations of the deterministic fixed point theorems in separable
Banach spaces. After that, Bharucha-Reid [4] introduced his paper which gave power for this theory, he attracted
the attention of several mathematicians and expanded this theory. So several random fixed point theorems have
been obtained in the literature. Random fixed point theorems are useful for proving the existence results for random
solutions of nonlinear random equations in separable Banach spaces (see [17, 22, 23, 24]) and others. A common
assumption among all these operators in question to map an abstract space into itself, i.e. the domain and the range
of the operators are the same.

Recently, Dhage [7] proved two basic random fixed point theorems for the operators in separable Banach spaces
with PPF dependence and apply them to some nonlinear random differential equations for proving the existence
and uniqueness of PPF dependent random solutions. After that, Hussian et al. [16] generalized and extended this
results in the same space satisfying generalized random contractive conditions of Ciri¢ type.
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2. Preliminaries

Let E be a Banach space with the norm ||.|| ; and given a closed interval I = [a, b] in R, we consider the Banach
space E, = C(I, E) of continuous F -valued functions defined on I, equipped with the norm ||.|| ;_ defined by

Iyl g, = sup [ly(®)]l,
tel

for all y € E,. For a fixed element ¢ € I, the Razumikhin or minimal class of functions in F is defined by

Re={¢ € Eo:|9llg, = lo(c)lg}-

It’s obvious that, every constant function from I to E belongs to ¥..
The class R, is algebraically closed with respect to the difference if £ — n € R. when &, n € R, similarly, . is
topologically closed with respect to the topology on E, generated by the norm ||| z_ .
A mapping £ € E, is said to be a PPF dependent fixed point [3] or a fixed point with PPF dependence of mapping
T:E, — EifT(&) =¢(c) for some ¢ € I.
The following definition introduced in [25]:
LetT,S : E, — FE be two operators. A point { € F, is called
(i) PPF dependent common fixed point of 7" and S if T'(¢) = S(¢) = {(c) for some ¢ € I.
(ii) PPF dependent coincidence point of 7" and S if T'(¢(c)) = S(¢) for some ¢ € I.
An operator 7' : E, — FE is called Banach type contraction [3], if there is a real number 0 < « < 1 such that

IT(€) =Tllp < € =nllg,

forall ¢,n € Es.
Geraghty [11] generalized Banach type contraction by introducing the following theorem:

Theorem 1
Let (X, d) be a complete metric space, and T : X — X be an operator. Consider there exists § : [0, +00) — [0, 1)
satisfying the condition

B(tn) — 1 implies t, — 0 as n — +oo.

If T satisfies the following inequality
d(Tz, Ty) < B(d(x,y))d(z,y), forall z,y € X,
then 7" has a unique fixed point.

Recently, Parvaneh et al. [3] extended the results of Geraghty by giving the notion of a hybrid rational Geraghty
type contraction as follows:
The mapping 1" : E, — E is called hybrid rational Geraghty type contraction if

7€) = T)llg < BIE = nllg,) MEm +v (€ =nlg,) NEn),

forall &,n € E,, where 7 : [0,00) — [0, 00) is a bounded function,

1€(c) = Tl In(c) = Tl }
L+ |T€ =Tl

Mign) = maX{£ g

and
N(&n) = min{|{(c) — T¢| . In(c) = Inllg. &) = Tnllg, [In(c) — Tl g}

forsome c € I.
Using the above definition Parvaneh et al. [21] proved some fixed point results with PPF dependence for Hybrid
rational and Suzuki-Edelstein contractions.

Continuing in this line, we prove some common random fixed point results with PPF dependence for mappings
in a separable Banach space satisfying general random contractions without the continuity. Our results generalize
some known results in the literature. Finally an application is given to certain nonlinear functional random
differential equations for proving the existence results for random solutions with a PPF dependent.
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3. Random fixed point results with PPF dependence

Let (€2, X) be a measurable space and E be a separable Banach space with norm ||. || ; . We equip the Banach space
E with a c—algebra, x r of Borel subset of E such that (E, xg) becomes a measurable space.
(i) A mapping T : Q2 — F is called measurable if

T'B)={weQ:T(w)eB}eX

for all Borel sets B € xg.

(i1) A mapping T': Q2 x E; — Ej is called random operator if 7'(w, x) is measurable in w for x € F;, where E;
and Fs are two Banach spaces and we denote a random operator T on F; by T'(w)x = T'(w, x).

(iii) A random operator T'(w) is called continuous in E if T'(w, z) is continuous in z for each w € Q.

(iv) A measurable function £* : Q) — F, is called a PPF dependent random fixed point of the random operator
T:Q%x E, — Eif

T(w, € (@) = & (c,w),

for some ¢ € I and for all w € Q.

Let f denote the class of all functions 3 : [0, +00) — [0, 1) satisfy the following condition

B(t,) — 1 implies ¢, — 0 as n — +oo. )

The random mapping 7 : 2 x E, — FE is called a hybrid rational Geraghty random contractive if there exists
B € F and ¢ € I such that

IT(w,€) = T(w,n)llp < B (I1§w) = nw)llg,) MEwW), nw)) +7 (Ew) —nw)lg,) NEw),nw), ()

forall £,n € E,, where « : [0,00) — [0, 00) is a bounded function,

1€(c,w) = T(w, (W)l g [In(e; w) = T(w,n(w)llg }
L+ [T (w, E(w)) = T(w, n(w))ll g ’

M(g(w), n(w)) = max{ns(w) @)l
and

o lElew) = T @) g o) — Tw,ne)
NE@W)nw) = { €er) — T, () 15 » 116, 0) — T, €)1 }

forallw € Q.
Now, we present our first main results.

Theorem 2
Let (2, X) be a measurable space and let E be a separable Banach space. If the operator T : Q x E, — F satisfy
the condition of hybrid rational Geraghty random contractive (2) then the following statements hold in E:

(a) If R, is algebraically closed with respect to difference, then for given &, € E, and ¢ € I, every sequence
{&n(w)} of measurable functions satisfying

T(w’ gnfl(w)) = §n(c,w)7 (3)
and
[€n(w) = &nt1(w)ll 5, = lénle,w) = &nyr(c, w5 “4)

for n € N converges to a PPF dependent random fixed point of 7".
(b) If R, is topologically closed, then for a given &, € E,, every sequence {&,(w)} of iterates of T' constructed
as in (a), converges to a unique PPF dependent random fixed point {*(w) of T

Proof
Let & € E, be arbitrary, by hypothesis T'(w, & (w)) € E, there exists x1(w) = T'(w, £ (w)), where the function
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z1 : 0 — FE is measurable. Choose a measurable function &; : ) — E, such that

1€1(c,w) = &ole, W)l g = 161(w) = &o (@)l g, -
Continuing in this way, by induction, we have (3) and (4), i.e., T'(w,&n—1(w)) = &n(c, w) and
[[€n—1(c,w) — gn(c’w”lE = [|€n—1(w) — §n(w)||Eo )
foralln € Nand w € Q. By using (2), we get
1€2(w) = &3(w)ll g, [€2(¢; w) = &a(e, W) = 1T (w, &1 (w)) = T(w, &2(w)) 5

B ([1(w) — & (W)l g, ) M(&1(w), E2(w))
+7 ([l61(w) = La(W)ll g,) N(&1(w), La(w)), (5)

IN

where,

M(§1(UJ),§2(W)) _ maX{Hfl(w) _ §2(W)HEO ’ H£1(C7w) _ T(W’El(w))”E ”52(07("'}) - T(w7§2(w))||E}

T T 6 @) ~ T, &)

= maxc{l60) - Gl (O Il l0 g S hl el |
< max {6 ) - £@)s, 16(00) - Gleo)l)

= o {160) - @), . 16) - £, } = ) - 2],

and

f 6(enw) — T, & @)l » €2 ) — T E2())
N W) &W) = “““{ 1€1(e.0) — T E2()| 3 » €206 0) — T 2 () 1 }

. { [€1(c,w) = &a(e.0) s 1€2(e,) = &s(e,)l g }:0
[€x(e,0) — &s(e,)ll s e,0) — Ex(e )l [ =

From (5), we obtain

€2(w) = &W)l g, < B (ll&1(w) — &W)g,) I61(w) = & (W), <6wW) = &W)lg, -

Similarly, we can write

||fn(w) - £7L+1(W)HEO <pB (an—l(w) - fn(W)HEO) an—l(w) - §n(w)”Eo < ||§n—1(w) - gn(w)”Eo s (6)

for all n € N. This meaning by that the sequence {[|§,(w) — &ny1(w)| , } is decreasing in R... So there exists
q > O such that lim, , 4 oo [|§5(w) — §nt1(w)|| g, = ¢. If we consider ¢ > 0, then by taking the limit as n — +oc in
(6), we get

q< HEI_I‘_IOOﬂ (||§n,1(w) - fn(W)HEO) q.

This leads to 1 < limy,—, o0 8 (|€n—1(w) — & ()|, ) - So

tim B (6n1() ~ a@)lp,) =1,

n——+oo

since B € F as in (1), then lim,, ;o |65 —1(w) — £n(w)]| 5, = 0, which is a contradiction, so ¢ = 0 that is

lim |[&n(w) = Ent1 (@) g, = 0 ©)

n——+00

We claim that the measurable sequence {&, (w)} is a Cauchy sequence in E,. Suppose the contrary, then we obtain

lim |6 (w) = &m(W)llg, > 0.

m,n—4oo
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By triangle inequality and since T’ is a hybrid rational Geraghty random contractive mapping, one can write

[[€n(w) = &m(w)llg,
< n(w) = Entr (@)l g, + [nt1(@) = Emsr (W)l g, + 1Emt1(w) = Em (W)l g,
= &) = &1 (W)l g, + [Emr1(w) = Em(W)llg, + 1T (W, &n(w)) = T(w, &m (@)l g,
< (@) = &nr1@)llp, + 1€m+1(@) = &m@)llg, + B (I€n(w) = &mW)llg,) M (€n(w), &m(w))

+7 (160 (@) = &m W)l ) M (€n(w), €m(w)).

Taking the limit as m,n — +o0 in the above inequality and applying (7), we observe that

lim [|&n (@) = &m(@)lls,

m,n—

< dim B(l6n) ~ En@)llp)  m  M(Ew),En(w)

m,n—+00 m,n—+4o0o

o dm y ([6) ~ €n@)lp,) | T N(E(w), &n()), ®)
where
1JmNM%W£MD

_ B [€n(c,w) = T'(w, &n (W)l g 1€m (W, €) = T'(w, &m (W)l 5

= mr{gnmmaX{IIEn w)llg, » L+ [T (w, &n(w)) = T(w, &m (W)l g }

_ : B [€n(c,w) = &ntr(c,w)l g [[Em(w, ) £m+1(w,C)IIE}

‘7J?mm““&W . T Jena @) — 1 ()

= m,%i~r>n+oo ||€n w) - Em )”E y (9)
also

lim  N(&(w),&m(w))

m,n—+400

lim mm{i&@w> «v@(»MAmAam—Tw@mwmm,}
Mmoo €0 (e, w) = T(w, &m (W) 5 s 1€m (e w) — T(w, & (W) || g

_ lim min{ Hﬁn(c,w) - €n+1(c7w)HE ) ||§m(caw) - §m+1(cvw)HE’ } 0. (10

Mmoo 1€n(c,w) = Emsr(c; @) g s [1€m (e, w) = Enpr(e, W)l

Applying (9) and (10) in (8), it follows that

limsup &, (w) = &m (W)l g, < hmsup B (Ign(w) = &m @)l ,) - limsup [[€,(w) = &m (@),

m,n— 400 m,n—4oo m,n—+00

which mean 1 < limsup 8 (||&n(w) — &m(w)| 5, ) , that is

m,n—+00

im B (&n(w) = &n(w)llg,) =1,

n,m—-+400

since 5 € [, we deduce
lim [|§p (W) = &m(W)llp, =0,

n,m—+0o

which is a contradiction again. Therefore

lim |6 (w) = &m(W)llg, = 0.

n,m—-4oo
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This shows that {£,,(w)} is a Cauchy sequence of measurable function on 2 to E,. Since F; is a separable Banach
space hence it complete, there is a measurable function £* : Q@ — E, such that lim,,_, o &, (w) = £*(w) for all
w € Q.
Now, we prove that £*(w) is a random fixed point with PPF dependence of the random operator T on FE,. From (2),
we get

IT(w, & (W) = (cwllp < IT(w & (W) = &nle,w)llp + [€nlc,w) = & (e, W)l
= 7w, & (w)) = T(w, &1 (W)l g + & (w) = & (@)l g,
< B8 W) = &um1(W)llg,) M€ (W), En—1(w))

+7 ([1€°(w) = &n1(@)l g,) N(E" (@), €n1(w)) + [[&n(w) = £ (@)l g, -

Taking the limit as n — +o0 in the above inequality, yields

17w, & @) - € (o)l
< dim AW~ Gr@)lp) - Tim M(E @), &1 ()

+ lim (€)= & @llg,) - lim N(E (@), & ()- (11)
But
i M(E(w) & 1(w))

I I . 1€ (e;w) = T(w, & (W)lg §n—1(c;w) = T(w, En—1(w))ll

= nL-{-oo {f( ) gnfl( )HEov 1+||T(W,§*(W))—T(w,fn—l(w))HE }

i mad 1) — b JE(©8) = T € @Dl 1 (e,w) = nle, s

= i s {6 - 6r Ol T+ 70,6 (@) — &nle. )5 }

*e,w) — T (w, & (w n—1(w) — &, (w

e (e v o T OB

and

lim N (w), & 1(w))

n—-+o0o

C hm min { ||5*<c,w>T(w,s*<w>>||E,||§n_1(c,w>T(w,gn_mw))lE,}
€7 () = T a1 @) [n-1(es0) = T, "))l 5

= lim min{ ||§*(c,w) - T(wﬁg*(w))HE ’ an_1(C,(U) - gn(c’w)”Ev }
n=-too 1€7 (¢, w) = &nlc, W)l g » [1€n—1(c; w) = T'(w, & (w))

e e [ 1€(00) =T, @) g 1) = &a@)llp, | _
= i B i e Pty | = 9

Applying (12) and (13) in (11), we deduce
1T(w, & (w)) = & (e, w)llp = 1T (w, £ (w)) = & (W), =0,

that is T'(w, £*(w)) = £*(w), which implies that £*(w) is a PPF dependent random fixed point of 7" on E.

(b) By bart (a) above, the sequence {&,(w)} of measurable functions as constructed in (a) converges to a
random fixed point £*(w) with PPF dependence. Since . is topologically closed, then £*(w) € R.. Consider
n*(w) # £*(w) be another PPF dependent random fixed point of T for all w € 2. Then

€% (@) = n*(W)llg, €% (¢, w) =™ (¢, )l g = T (w, £ (w) = T(w, 0" (W)l 5
Bl (@) = 0" (@)l g,) ME* @), n* ) +7 (1€ W) = 0" (@)l g,) N (w),n" (W),

Stat., Optim. Inf. Comput. Vol. 7, December 2019
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=
o
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€
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*
—
&
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Il

et ey € 0w) = T € @)l () = T @)
{'“ )= @l - T+ 1T, & (@) — Tl @), }

= max {[|¢"(w) =" (@)l p, . 0} = [§" (@) = 0" @), -

and N (£*(w),n*(w)) = 0, hence

g7 (w) = 0" (@)l g, < B (1" (w) =0 (@), ) 1€ (w) =7 (@)l g, < 1€ (w) =7 (@), -

which is a contradiction, therefore £*(w) = n*(w) for all w € €2, this mean that the random mapping 7" has a unique
PPF dependent fixed point in &, C E,. O

On taking §(t) = r(w) and v(t) = A\(w), where r(w) and \(w) are measurable functions satisfying 0 < r(w) < 1
and A\(w) > 0 in Theorem ??, we obtain the following result:

Corollary 1
Let T : Q x E, — E be non-self random mapping such that

1T (w, &) = T(w,n)llp <7 (w) M(E(w),n(w)) + A (w) N(E(w),n(w)),

forall ,m € E,, c € I and w € (), where

M(f(w),n(w)) — max{”f(w) _ U(W)HEO , ||€(C,UJ) - T(w7£(w))||E ||77(C7w> B T(W,T](W))HE } ,

14+ T (w, §(w)) = T(w,nw))ll
and

— min Hf(C, W) - T(w7§(w))” ) ||77(Caw) - T(an(w))H )
N(Ew),n(w)) = { 1€(er) — T, ()15 » I1(er0) — T, £l } ’

Suppose that . is topologically closed and algebraically closed with respect to the difference, then 7" has a unique
PPF dependent random fixed point £*(w) € R..

If we take A(w) = 0 in Corollary 1, we get the following corollary:

Corollary 2
Let T : Q x E, — E be non-self random mapping such that

[1€(c,w) = T(w, W)l lInfe,w) = T(w, n(w))ll g }
1+ [[T(w, §(w)) = T(w, n(w)l g ’

forall &,n € E,, c€ I and w € Q. If R, is topologically and algebraically closed with respect to the difference,
then 7" has a unique PPF dependent random fixed point £*(w) € R..

IT(w,&) = T(w,n)llp < r(w) max {f(w) —n(Wllg, -

Corollary 3
LetT : Q x E; — E be non-self random mapping such that

1€(c, w) = T(w, EW))lg lIn(e,w) = T(w, n(w))ll g
1+ T(w, §(w)) = T(w, n(w))l g ’

(14)
forall &, n € E,, where a (w) and b(w) are measurable functions satisfying a (w) , b(w) > 0and 0 < a (w) + b(w) <
landc € I. Let R, is topologically and algebraically closed with respect to the difference, then 7" has a unique PPF
dependent random fixed point £*(w) € R.. Moreover for a fixed &, (w) € E., if the measurable sequence {&,(w)}
of iterates of T be defined by T'(w, £,—1(w)) = &, (c,w) for all n € N and w € 2. Therefore {,,(w)} converges to
a PPF dependent random fixed point of 7'.

1T (w; &) = T(w,n)llg < a(w) [[€(w) = n(w)llg, +b(w)

Stat., Optim. Inf. Comput. Vol. 7, December 2019
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Proof
Since

1€(c,w) = T(w, EW))l g lIn(e, @) = T(w, n(w))l g
L+ [|1T(w, (w)) = T(w, (@)l g

HS(QW) — T(w7 g(w))”E ||77(07W) — T(wv n(w))HE }
L+ [ T(w, §(w)) = T(w, n(w))l g '

a (W) [[§(w) = W)l g, +bw)

< (a(w)+ b)) maX{Ilf(w) @)l

Then from (14), we have

1€(c,w) = T(w, W)l lInle, w) = T(w, n(w))l g }
L+ 1T (w,é(w) = T(w, (@)l ’

where r (w) = a (w) + b (w) , hence by Corollary 2, we obtain the required. O

IT(w,&) = T(w,n)llp <7 (w) maX{S(W) = n(Wllg,

Now, we prove the existence of PPF dependent random fixed point for random mapping satisfying Suzuki-
Edelstein type theorem for nonlinear random contractions in Razumikhin class.
Let U be the set of all functions ¢ where 1 : [0, 4+00) — [0, +00) is a continuous nondecreasing function with

¥(0) = 0 and 9 (t) < ¢ for all ¢ > 0 such that > " (t) < 400 where 1™ is n-th iterate of 1.
n=1

Theorem 3
Let (©2, X) be a measurable space, F be a separable Banach space and T": Q2 x E, — E is random operator.
Suppose that there exists 1) € ¥ such that

% 1€(c;w) = T(w, E(W))llp < [I§w) = n(w)ll g, = [IT(w,&(w)) = T(w,n(w)llp < PlEw) =nw)llg,), (15)

for all £, € E, and for some ¢ € I. Assume that R, is topologically and algebraically closed with respect to the
difference, then 7" has a unique PPF dependent random fixed point £*(w) € R.. Moreover for a fixed &, (w) € E,, if
the measurable sequence {, (w)} of iterates of T be defined by T'(w, &,—1(w)) = &, (c,w) foralln € Nandw € Q.
Therefore {¢,,(w)} converges to a PPF dependent random fixed point of 7.

Proof
Let & € E, be arbitrary, by hypothesis T'(w, & (w)) € E, there exists x1(w) = T'(w, £ (w)), where the function
x1 : Q — Eis measurable. Choose a measurable function &; : Q — E, such that 21 (w) = &; (¢, w). Continuing this
process, by induction, we get

T(w,&n—1(w)) = &u(c,w) foralln € N. (16)

If there exists n, € N such that &, (w) = &,,+1(w), then &, (¢,w) = T(w, &y, (w)), so there is no thing for prove.
Hence let [[€,-1(w) — §n(w) |5, > 0. Since R, is algebraically closed with respect to the difference, then

1€n—1(w) = &n (@)l g, = [En-1(c;0) = &nle; W)l

forallm € N, w € Q and for some ¢ € I.
Now, we have

1 1

Sln1(ew) =T a1 @)lp = 5 ln1(6w) —alew)lg

3 16n10) = a5, < n1() ~ &a()ll5,

So by (15) and (16) we obtain

[6n(w) = &nt1(W)llg, = lnle,w) = &nialc,w)lp = [IT(w, En-1(w)) = T(w, &n (W)l g
PlIgn-1(w) = &n(@)l g, ), an

IN
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therefore
[€n(w) = &nt1(W)ll g, < V" ([[€e(w) — & (W), )-
For fixed € > 0, there exists NV € N such that
D>l w) — &@)lg,) <€

n>N

Let m,n € N with m > n > N, then by triangle inequality, we can write

m—1
16n (@) = &m(@)llg, € D N6(w) = &1 @)l < Y "(lé(w) = & @)lg,) <e
l=n

n>N

Consequently , limy, ;o0 [|§n(w) — §m(w)|| g, = 0. Then {,(w)} is a Cauchy sequence of measurable functions
on ) to F,. Completeness of F, yields that {{,(w)} converges to measurable function £* : 2 — E, such that
lim,, 00 &n(w) = €*(w) for all w € Q. Since R, is topologically closed, we deduce that £*(w) € R., hence from
(17) we have

1€n(w) = &np1(@)ll g, < P([€n1(w) = En(@)lg,) < [[€n—1(w) = &n(w)llg, - (18)
Suppose that n, € N such that

1 *
5 s (e;w) = T(w, &ns (W)l > l€no—1(w) = € (W)l -
and )
5 l&na+1(e,w) = T(w, &ne 1 (@)l > llna (W) = € (@) o -
Then from (18) and triangle inequality, we obtain

1€ne—1(w) = &no(W)llg, < [léne—1(w) = € (W), + léns (@) = €7 (W) g,

< 16 (e:®) = T, n (@)l + 5 IEnes1(6r0) = T, Ena (@) 5

1 1

= 5 & (ew) = &nosilewllp + 5 €na+1(e,w) = Enot2(c,w)llg
1 1

= 5 16 (W) = &nor1W)llp, + 5 [€ne41(w) = &nos2(W)ll g,

1 1
S 5 1o W) = &ne1W)llp, + 5 1€ne (W) = Ene—1 (W)l g,
= |én. (W) = &no—1(W)llg, +
which is a contradiction, therefore either,
1

5 lén(e;w) = T(w, &)l p < l€n-1(w) = € (W)llg, - (19)

or
1
5 l&ns1(e,w) = T(w, & (@) < [€n(w) = € (W)llg, » (20)
holds for all n € N, w € €2 and for some ¢ € I. Consider (19) is hold, then (15) yields that
[T(w, " (W) =& (ew)llp < IT(w, 8 (w) = T(w, &)l g + [1T(w, &n(w)) — € (e, w)ll

= 7w, & (W) = T(w, & (W)l g + [Ent1(c;w) = €7 (e, )l
< P (W) = &l z,) + lns1(w) = (W)l g, -

A
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Taking limit as n — oo in the above inequality, we have ||T'(w,£*(w)) — £ (¢, w)||z = 0, i.e.,

T(w, € (w)) = £ (¢, w). @2n

By a similar way, we obtain (21) if (20) holds for all n € N. This implies that £*(w) is a PPF dependent random
fixed point of 7.
For uniqueness, suppose that n*(w) # £*(w) be another PPF dependent random fixed point of T for all w € €. So

1
5 1€ (e,w) = T(w, & (W)l = 0 = [I€7(w) =17 (W)l -
hence from (15), we can write

1€°(@) =" (Wllg, = € (w) =n"(c;w)lg=Tw,E W) = T(w,n"(W)llg
(€7 (W) =" (W)llg,) < 1€7(w) =n" (W, -
)-

a contradiction again. Hence n* (w) = £*(w

IN

If we take 9 (t) = r(w) (where r(w) as in Corollary 1 in Theorem 3, we obtain the following result:

Corollary 4
Let T : Q x E, — E be non-self random mapping. Suppose there exists 0 < r(w) < 1 such that

S l6ew) T, c@)ls < NEw) - )5,
= T, 6)) ~ T n()l5 < ) ) ~ ne)ls,

for all £, € E,. Assume R, is topologically and algebraically closed with respect to the difference, then 7" has
a unique PPF dependent random fixed point £*(w) € R.. Moreover for a fixed &, (w) € E,, if the measurable
sequence {&,(w)} of iterates of T be defined by T'(w, &,—1(w)) = &, (c,w) foralln € Nand w € Q. Then {&,,(w)}
converges to a PPF dependent random fixed point of 7.

4. Random coincidence point with PPF dependence

We begin this section with the following definitions:
Let T:Qx FE, — E and S:Q x E;, —» E, be two random operators. A point {*(w) € F, is called a PPF
dependent random coincidence point of 7" and if

T(w, & (W) = S(w, & (c,w)),

for some c € I and w € Q.
The random operators 7' : Q) x E, — E and S : Q x F, — FE, are said to satisfy a condition of hybrid rational
Geraghty random contraction if there exists 3 € F and ¢ € I such that

IT(w,&) = Twnlp < B(ISwEw)) = Sw,nw))llg,) M Ew),nw))

1 (18w, €w)) — 8w, (@)1, ) NS (@), (), 22)
forall &,n € E,, where ~ : [0,00) — [0, 00) is a bounded function,
S(w w ,
Ms(f(w)vn(w))zmaX{ HS(w,ﬁ(cﬂ))(T(igf(l)))H I\S((w Z(ézoj))))"—%(w,nw))HE }
14T (w,E(w)) =T (w,n(w) I 5
e 15w, () — T, &) - [ n(er)) — Tew, m(e))]
S . min y w y w 7] C, W (.A.),T] w ;
N7 (), nw)) = { 15w, £(er w)) — T, () 1[5, (e, ) — T £@))] }

forall w € Q.

Now, according to Theorem 2, we state and prove the following PPF dependent random coincidence theorem.
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Theorem 4

Let (£2, X) be a measurable space, E be a separable Banach space and T': Q2 x E, — F and S : Q x E, — E,
satisfy a condition of hybrid rational Geraghty random contraction (22) such that S(®.) C R.. Consider S(R.) is
topologically and algebraically closed with respect to the difference. Then 7" and .S have a PPF dependent random
coincidence point in ¥..

Proof

The idea of the proof be defined as a new random mapping satisfy all conditions of Theorem 2 as follows. Since
S:Qx E, — E,, so there exists a measurable function C,(w) € E, such that S(w,C,) = S(w, E,) and S is
one-one. As T(w,C,) C S(w, E,) C E, therefore we can define a random mapping F : Q x S — E (note that
S =5w,C,)) by F(w,S(w,§)) =T(w,{(w)), forall ( € Cs and w € . Since S |¢, is one to one, then F' well-
defined.

Since the pair (.S, T') satisfy (22) then, we have

1F(w, S(w, &) = Fw, S(w,n)lg 1T (w, £(w)) = T(w; n(w))l
B (I18(w,€w)) = S(w,n(w))llg,) M>(Ew),n(w))

+7 (18(w,€W)) = S(w, n(@))ll,) N*(Ew), n(w)),

IN

for all £, € E, where

[S(w,§(w)) = S(w,nw)l g, »
M5 (¢(w), n(w)) = max { 115 (w,€(c,0)) = F (w,8 (@,0)) | IS (w,n(c,) = F(w,S(wm)llg ¢
THF(@,5(w,8)— F(@,5 @z

and

15w, &(e;w)) = F(w, S(w, )l g, 15w, n(e,w)) = F(w, S(w, &)l

Which implies that F is a hybrid rational Geraghty random contractive mapping and all conditions of Theorem 2
are satisfied. Then there exists a unique PPF dependent random fixed point {(w) € S(w, Cs) of F, with meaning
F(w,((w)) = ((c,w), where ¢ : Q@ — E; is measurable function and ¢ € I. Again since ((w) € S(w,Cs), then
there exists a measurable function p(w) € C, such that ((w) = S(w, p(w)), so

T(w, p(w)) = F(w, 5w, p)) = F(w,((w)) = ((¢;w) = S(w,p(c,w)).

Hence ¢(w) is a PPF dependent random coincidence point of S and 7', this complete the proof. O

N%ﬂ@mw»:mm{ﬂﬂ%ﬂam)-NMSWKMMwam@wDHMSWWMM,}

According to the previous corollaries and Theorem 4, we can obtain the following results:

Corollary 5
LetT:Qx E, — Eand S : Q x E, — E, be two random mappings, there exists ¢ € I such that S(R.) C R. and

IT(w,&) = T(w, Mg < r(w) M (E(w),n(w)) + A (w) N5 (Ew), n(w)),

forall¢,n € E;andw € Q, (r (w), A (w) as in Corollary 1 where

[S(w,&(w)) = S(w,n(w)llg, »
M?®(&(w), n(w)) = max { 115 (w,& () =T (w, @)l gl S (wn(ew)) ~Twn)lly ¢
T T (w,€ (@) —T(@n(@) 5

and
, S(w,&(e,w)) = T(w, §(w))ll g » [[5(w, ne,w)) = T(w, n(w))]| }
NS w), w — min H ) I ) E> ) 5 ) E> ;
et =mind [5 0  SOE Se Dy T
Let S(R.) is topologically and algebraically closed with respect to the difference. Then T and S have a PPF
dependent random coincidence point.
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Corollary 6
LetT:Qx E, - Eand S : Q x E, — E, be two random mappings, there exists ¢ € I such that S(R.) C R, and

[S(w, &(w)) — S(w,n(w)llg, »
1T(w, &) = T(w,nllg <7 (w) maX{ 115 (w,&(c,w) =T (@, (@) |l g 1S (w,n(e)) =Twm@)lly ¢ s
T T (w,€ () —T(@,n (@)l 5

for all {,n € E,, 0 < r(w) < 1. Suppose that S(}.) is topologically and algebraically closed with respect to the
difference. Then 7" and .S have a PPF dependent random coincidence point.

Corollary 7
LetT:Qx E; — Eand S : Q x E;, — E, be two random mappings, there exists ¢ € I such that S(R.) C R. and

IT(w, &) =T(w,nllg < alw)[[S(w,&(w)) = Sw,n(w))ll g,
15w, &(e,w)) = T(w, W)l [[S(w; nle,w)) = T(w, n(w))ll g
1+ [[T(w, §(w)) = T(w, n(w))l g ’

forall £,n € E, and a(w), b(w) as in Corollary 3. Let S(.) is topologically and algebraically closed with respect
to the difference. Then 7" and S have a PPF dependent random coincidence point.

+b(w)

Corollary 8
Let (2, X) be a measurable space, E be a separable Banach space, T : Q@ x E, — Eand S : Q x E;, — E, be two
random mappings such that S(R.) C R, and

% [S(w;&(e,w)) =T(w,EW)llg < 15w, &(w)) = S(w,n(w))lg,
= | T(w,&w)) = T(w,nw)lp < ¥ (15w, §w)) = S(w,nw))llg,) -

forall £,n € E,, where ¢ € ¥. Let S(R,.) is topologically and algebraically closed with respect to the difference.
Then 7" and S have a PPF dependent random coincidence point.

Corollary 9
LetT:Qx E; » Eand S: Q x E;, — E, be two random mappings such that S(®.) C R, and

% [S(w;&(e,;w)) = T(w,EW)llg < 15w, &(w)) = Sw,n(w))lg,
= [T(w,§(w)) = T(w,n(w))llg < rw) [S(w,Ew)) = S(w,n(w))llg, ;

for all £,n € E,, where 0 < r(w) < 1. Let S(R.) is topologically and algebraically closed with respect to the
difference. Then 7" and S have a PPF dependent random coincidence point.

Note that the random operator 7 in Theorems 2-3 and Corollaries 1-4 and the random pair (S, 7") in Theorems
4-8 and Corollaries 5-9 are not required to satisfy any continuity condition on the domains of their definition.

5. Application to random differential and integral equations

Fixed point theorems have many applications in many mathematical disciplines especially in differential and
integral equations (see [1, 13, 15, 20]. In this section, we shall prove the existence of PPF dependence solution
to a periodic boundary random-valued problem type (in short PBRVP).

Let I, = [—t,0] and I = [0, T are two closed and bounded intervals in R, for reals ¢, 7 > 0 and let X denote the
space of continuous real-valued functions defined on I,. We define a distance with the supermum norm ||.||, by

1€l = sup [&] -

sel,
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It’s clear that X is a Banach space with this norm. For ¢ € I define a function ¢t — z; € X by
zi(s) =z(t+s), s € I,

where the argument s represents the delay in the argument solution.

Let (2, X) be a measurable space. Define a mapping z : Q@ — C(J,R), we denote a function z(¢,w), which is
continuous in the variable t for each w € 2, we also write z(¢,w) = x(w)(¢). Given the measurable functions
v:Q — Nand z : Q — C(I,R), consider the first-order periodic boundary random-valued problem (PBRVP)

7 (tw) = f(t, 1t w), 21 (w), w),
To(w) = ¢o(w), (23)
2(0,w) = 2(T,w) = ¢o(0,w),

forallt € T andw € Q, where f : I x R x X — R. By a random solution = of PBRVP (23) we mean a measurable
function = : Q@ — C(J, R) that satisfies the equation (23) on .J, where C(J, R) is the space of continuous real-valued
functions definedon J = I U I,.

In this fashion, we will prove the existence of random solutions with PPF dependence for the PBRVP (23)
defined on J with the condition of Theorem 3. We consider the following hypotheses:
(H;) The function w — f(t, z,w) is measurable for each ¢t € I and x € X and the function (¢,2) — f(t,z,w) is
jointly continuous for each w € Q.
(H») Assume that there exists A > 0 such that for each 7,y : Q@ — C (J,R) and &, 1 € X with

1

< [lg(w) = nw)lly

E

§(w)—/0 G(t,s)F(s,z(s,w), &(w),w)ds

we have

\[f(t,x(t,w),ﬁ(w),w) + )\x(t,w)] - [f(taw(taw)an(w)aw) + /\x(t,w)]| < Aw(||€(w) - 77(“)”&)

Theorem 5
Suppose the conditions (H;) and (H;) hold, then PBRVP (23) has a unique PPF dependent random solution defined
on.J.

Proof
Suppose that £ = C'(J, R) which is a separable Banach space. Given a function z : 2 — C'(J,R), define a mapping

z:1—Nby 2(t)(0) = 2:(0) = 2(t ),teIandm(O):xo.DeﬁneasetEoffunctlonsby
E={%=(x)er: 2 €R, z € Eand 2(0) = 2(T) = ¢5(0), 2o = do}.
We define a norm on E by

I

Clearly, 7,y € C(I,,R) = X. Now we show that E is a Banach space. Let {Z,,} be a Cauchy sequence in E and
T,(t) =27, then {(z)es} is a Cauchy sequence in X for each ¢ € I. This implies that {z}*(s)} is a Cauchy
sequence in R for each s € I,. Then {x}"(s)} converges to x:(s) for each ¢ € I. Since {z}'} is a sequence of

5 =5 _max |u(s) = gels)| = sup |z = gelly-

uniformly continuous functions for a fixed t € I, x4(s) is also continuous in s € I,. So the sequence {x,, } converges

toz € ]_T? Since ;? is complete, moreover, E is a separable Banach space.
The PBRVP (23) can be formulated as follows:

x/(t7w) + Az(t,w) = f(t, 2(t,w), 2 (W), w) + Az(t, w),
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Consider /
z (t,w) + Az(t,w) = p(t,w) = Ft,2(t,w), v¢(w),w)
To(w) = ¢o(w),
z(0,w) = 2(T,w) = ¢o(0,w),
where t € I.

Using variation of parameters formula, we get
t
z(t,w) = z(0,w)e ™M +/ e M9 (s, w)ds, 24
0

which yields
T
z(T,w) = 2(0,w)e T —l—/ e MT=%) p(s,w)ds.
0

Since (0, w) = x(T,w), we have

T
z(0,w)[1 —e ] = e_AT/ e p(s,w)ds,
0

or
1 g As
Applying (25) in (24), we can write
T
tw) = [ Gl (s, (26)
0

where

G(t,s) = .
( Qe g<t<s<T.

€>\T71 )

ANT+s—1)
) { S 05s<t<T,

Define the operator S : 2 x E > Ras
N T
S(w, z(t,w)) :/ G(t,s)F(s,x(s,w), zs(w),w)ds.
0

First, we show that S is a random operator on 2 x E. Since hypothesis (H;) holds, by Caratheodory theorem, the
function w — f (¢, z,w) is measurable for all t € I and « € R. As integral is the limit of the finite sum of measurable
function, the map

T
w—>/0 G(t,s)F(s,z(s,w), zs(w),w)ds,

is measurable. Hence the operator S(w, z) is measurable in w for each = € E. Thus we have the operator S is
random operator on {2 x E.
Secondly, we claim that the random operator S is continuous on E. Let w € 2 be a fixed Suppose that {Z,,(w)} be

a sequence of points in E such that 7, (w) — Z(w) as n — co. Then by dominated convergence theorem, we have

N T
nli_}rr;OS(w,xn(Lw)) = 7Lh_}ngo(/ G(t,s)F(s,z(s,w),z] (w),w)ds)
0
= [ Glts) Jim (Pls (o) ) o))

T
/0 G(t,s)(F(s,z(s,w), zs(w),w))ds = S(w, z(t,w)),
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forallt € I.
Finally, from condition (H,), we get

T

S(wv %(t’w)) - S(wa §(t7w)). = G(tv 5)[F(57I(Saw)azs(w)7w) - F(Svy(saw)a ys(w)vw)]ds

G(t; s)agp([le(w) = y(w)llw)ds

/OT
i

o~ - t eA(T+s—t) T e/\(s—t)
< _ - -
< M(||z(w) — y(w) E) /0 T 1 ds—i—/o e’\T—ldS
~ ~ [ 1 AT +s—t) |t A(s—t) T
= ([Fe) - 5@ | sr=g (AT 0 )
— Mooy [ L (oA AT )
= M(||z(w) — y(w) E) AT 1) (e e +e 1

Hence, all conditions of Theorem 3 are satisfied and so, there exists a unique random fixed point with a

PPF dependent z*(¢,w) € F such that S(w, z*(¢t,w)) = (2*(f,w))ter. This yields the functional random integral
equation (26) has a random solution with PPF dependence defined on .J which implies that the PBRVP (23) has
a PPF dependent random solution. Moreover, here the Razumikhin class %o, 0 € [—r, T] is C([0, T, R) which is
topologically and algebraically closed with respect to the difference, so this solution is unique. O

6. Conclusion

In this paper we introduced some random fixed point theorems with PPF (past, present and future) in a separable
Banach space under hybrid rational and Suzuki Edelstein random contractions type without using the continuity
condition of the mappings. The new approach improves, extends and generalizes the existing results in the literature
of the fixed point theory. As an application, we give the existence of random solution to certain nonlinear functional
random differentiable equations with a PPF dependent.
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