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support vector machines is presented. Using kernel and frame theory, the Reproducing Kernel Hilbert Space of this kernel
is identified. We show that without being a universal kernel, the proposed one possesses a good separation property and
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experiments.

Keywords SVM, Jacobi polynomials, Jacobi wavelets, Kernel, Reproducing Kernel Hilbert Space, Frame.

AMS 2010 subject classifications 90C20, 65K05, 49N 10.
DOI: 10.19139/s0ic-2310-5070-634

1. Introduction

Support vector machines (SVMs) have become a very dominant tool in machine learning used for both data
classification and regression ([20]). They have been extensively applied in many fields as pattern recognition,
biology, medical diagnosis, chemistry and bioinformatics ([8, 16, 21]). The classification problem can be limited
to consideration of the two-class problem namely binary classification. The principle of SVMs is to bring back
this binary classification problem in search of a separating hyperplane. SVM’s theory is based on using three main
concepts :

e The Structural Risk Minimization principle ([20]), which has been shown to be superior, to traditional
Empirical Risk Minimization principle ([3]).

e The use of a convex quadratic optimization problem to solve the problem of maximum margin, efficient
solvers are available now that can solve such problem even with large size and dense data ([18]).

e When data are nonlinearly separable, SVMs use a kernel function that maps the data into high-dimensional
feature space in which the problem becomes linearly separable.

The first kernels investigated for SVM problems were polynomial, Sigmoid and the radial basis kernel ([20]).
Since several kernels were introduced and studied in literature and it is well known, that the major task of the SVM
approach lies in the selection of its kernel. Recently, special attention has been given to the construction based on
the concepts of orthogonal polynomials ([1, 9, 10, 11,22, 25]), which have found widespread use in several areas of
science and engineering. The fundamental reason for the success of this kernels type is its orthogonality properties,
that reduce the redundancy of the original data and make it able to extract more discriminative features, so that
SVM can classify the data better and easier ([6]). Inheriting also this property, kernels based on wavelets have
given great satisfaction in practice ([12, 24]). The idea of combining orthogonal polynomial and wavelet theories
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gave rise to new wavelets, such as the wavelets of Legendre, Chebyshev, Hermite, etc, which was a powerful
technique for signal processing, solving differential equations, optimal control, and calculus variations problems
([2, 7, 14]). Suffering from a continuity problem, kernels based on this type of wavelet have never been introduced
before, more in the context of SVMs. In this paper, we built a new kernel based on Jacobi wavelets. Legendre
and Chebyshev wavelets represents a particular case of Jacobi wavelets of indices (a, §) when (a = 0,5 = 0)
and (= = —%) respectively, this shows the general framework of our kernel. Using frame theory ([13]), we
identify the Reproducing Kernel Hilbert Space (RKHS) of this kernel and we confirm that this new kernel has the
separation properties. These theoretical results are confirmed and supported by numerical experiments. The paper
is structured as follows: section 2 is devoted to kernel and frame theories. In Section 3, we present the main results
of this work, we describe the method of constructing the regularized Jacobi wavelets kernel and its RKHS using
frame theory. Numerical experiments are given in Section 4, the Jacobi wavelets kernel performance has been
evaluated on two-dimensional illustrative examples in order to give also a graphical comparison with other kernels.
Finally, we conclude the paper in section 5.

2. Backgrounds

Given a finite training samples set {(:ci,yi)}izl where X = {xi}ézl are | points in R? and the corresponding
labels y; in {—1,1}, the goal is to find an hyperplane in the space R? that is inserted between the two classes
: class 1 and class —1. In linear classification, the aim is to construct a classifier f (a decision function) that
distinguishes between the two sets. However, in general data are not linearly separable in practice. Then, a non-
linear classification is proposed that maps the data into a high- dimensional feature space H via a transformation
¢ called feature map (¢: X — H), such that the transformed data are linearly separable. When this hyperplane is
back into the original space it describes a surface.

2.1. The optimization problem
The classic soft margin SVM formulation ([5]) is defined by

l

2 3 el s + 30

i=1

. 1
min — 5

. 2

l
Z ;Y = 0
=

g 0 <C, i=1,...,1

S. t.

where the parameter C' is the penalty which trade-off balancing the merit of model complexity and misclassified
points. It is not necessary to know the explicit form of the mapping ¢ since we can replace the inner product
¢(z;)T ¢(x;) by the kernel function K such that

K(zi, ) = (d(z:), () g = Kij,

where (.,.);; denotes the inner product of H and (K,;) ;—1.  iscalled the Gram matrix of the kernel K.

i=1,..,1
The problem (1) becomes

mll’l

l\')\»—-
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Z Z a0y K + > o
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s. t. Z aigi =0

O<al§C i=1,...,1
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The solution a=(«;,...,q;) of the optimization problem (2) and the bias b, which can be recovered from the
Lagrangian multiplier associated to the equality contraint of (2) ([3]), gives the classifier function

flz)= ZaiyiK(%»fﬁ) +0,
i=1

which is fundamental for the learning task. The integer sv corresponds to the number of support vectors, which are
the points x; whose associated Lagrangian multipliers are not zeros («; # 0). Thus, the decision function can be
represented by only a few numbers of data points ( the so-called support vectors). SVM classifier that yields fewer
support vectors for a given kernel is desirable.

2.2. Kernels for SVMs

In the sequel, we present the basic definition and some important properties of kernels for SVMs.

Definition 1
[17] Let X be a non-empty set. Then a function K : X x X — Ris called a kernel on X if there exists an R-Hilbert
space H and a map ¢ : X — H such that

K(z,y) = (¢(), ¢(x)) g, Y,y € X.

¢ is called feature map and H a feature space of K.

The most used kernels are the radial basis function RBF or Gaussian defined for some positive parameter v by

2
T —
K(z,y) = exp (‘Hf}ﬂy”> )

and the polynomial kernel defined for some positive integer p by
K(z,y) = (zxy+1)".

One can construct new kernels from scratch using kernel’s properties. A good study on kernels theory is given
in reference ([17]).
A characterization of kernels for SVMs is given by the following theorem ([17]) :

Theorem 1
(Mercer) Let X be a non-empty set and let a function K : X x X — R. K is a kernel if and only if it is symmetric
and its Gram matrix is positive semidefinite.

It’s known that every kernel admits several feature space, the next definition introduces the RKHS, which is in a
certain sense, the smallest feature space of this kernel and consequently, it can serve as a canonical one.

Definition 2
[17] Let X # () and H be a R-Hilbert space. A function K : X x X — R is called a reproducing kernel of H if

l. K(.,z)€ H, Vx € X.
2. The reproducing property is verified

f@)=(f,K(,2)y,VfeHVreX
3. The space H is called a RKHS over X if the Dirac functional

0, : H—-R
= f@)

is continuous for all z € X.
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2.3. Frame for SVMs

One can construct kernels and its associated RKHS from frame’s theory ([13]). We give the definition of a frame
and then a characterization result necessary for the remainder.

Definition 3
[4] Let N € N and {¢},_;  y be a set of non-zeros functions of an Hilbert space (H, (.,.)) . The familly
{%n},—1  is aframe for H if there exist constants B, G > 0 such that

,,,,,

N
BIfIG <Y 1)yl < GIFI -
n=1

The numbers B and G are called frame bounds.
The reconstruction of f from its frame coefficients needs the following definition of a dual frame.

Definition 4

[13] Let {¢)n},,_; . beaframe of H with frame bounds B and G. The dual frame {4, } _, . is defined as

1 N 2 1

2 " 2
& 1% < ; [{fon) | < 5 1117
and f =30 (f, ), Un.

Theorem 2
Let N e N and {¢n},_;
0,VzeX,Vn 1<n<N

y be a set of non-zeros functions of an Hilbert space (B, (.,.);) such that 3A >

[vn(2)] < A.
Let H be the set of functions so that

N
H= {fzzanz/}n, anERforn:17...7N}.

n=1

The space (H, (., .);3) is an RKHS and its reproducing kernel is

N
K(m,y) = Z&n(x)wn(y)v

where {¢,,} _  isthe dual frame of {¢,,} v inH.

n=1,..

We will combine SVM and wavelet theories to built a new kernel based on Jacobi wavelets and we will
characterize the theoretical properties of this new kernel in the next section.

3. Main results

3.1. The Jacobi wavelets kernel

J,(,?’ﬂ)

The Jacobi polynomials are defined by the following iterative formula for all « > —1, 5 > —1:

(a+pB+2m—1)[a® - B2+ z(a+ B +2m)(a+ B+ 2m —2)|
2m(a+p+2m—2)(a+ S+ m)
(a+m-1)(B+m-1)(a+B+2m) (ap

 m(a+B8+2m—2)(a+B+m) 2 (@),

I8P (z) T8 ()
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where

2 _
TN ) =1, S (@) =TI 228
These polynomials belong to the weight space L2 ([—1,1])

(ae?, i )>L2 = WP e, Ym,m €N,

m Y m/
w

where
2008 (a+m+ )T (B+m + 1)

2m+1+a+B8)mil(a+B+m+1)

andw(z) = (1—2)* (1+ )" dn,m represents the Kronecker function, I is the Euler gamma function and (., .) ;.

= e -

denotes the inner product of L2 ([—1,1]).

The family {J,(,?’B)} . forms an orthogonal basis for L2 ([—1,1]) ([19]).
me
The Jacobi wavelets are defined by ([23])

9 (@) = { Fr ety <a < g 3)
0, othetwise
where k € N, n = 1,,..., 2" represents the number of decomposition levels, m = 0, 1, ..., M is the degree of the
Jacobi polynomials (M € N). The coefficient \/2% is for normality.
Theorem 3
The familly {w(f‘,f)} n=1, .2k forms an orthonormal basis of (L2 ([0,1[), (., )y, )> Where
m >0
o &
e = 3 [ o )i (o)
i=1 L

fi is the restriction of f on [5t, 7% [ and w;(z) = w(2 Mo — 2i + 1).

Proof
First, we have to prove that (.,.)
symmetry and bilinearity of (., .)

is an inner product of L2 ([0,1[). Let f be a function of L2 ([0, 1[).The
is positive definite. We have

wav

are obvious, we only show that (., .)

wav wav

D = S [ (@) i@z >0,

2k

3

since f (fi(2))? w;(z)de = (firfidpafist, 4 2 0.

2k ok

ok
ii

(i Dwaw =

ok
— f;=0Vi=1,...,2%
= f=

Stat., Optim. Inf. Comput. Vol. 7, December 2019
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Now, we show that the family { 5{117? )} n—1 ok formsan orthonormal basis of L2 ([0, 1])
m >0
ok 3F
(v ™) = 3 [ (we?), @ (657) @eie)da

1=1,2,

wﬁ VP (@)wn (@) d.

Il
\F\a ™ \ |

n,j

(a 8)
47

By using the change of variable ¢t = 2¥*12 — 2n 4 1 and the fact that the familly { } is an orthonormal
m>0

basis for L2 ([-1, 1]), we obtain

2k+1
wav HJ(OZ,B H HJ a,pB)

= 5n,j5m,l

dt
) g

(v wie?) ORI O

Qk

O

We will use the same approach of constructing RKHS by frame theory given in Theorem 2. One can affirm the
existence of a positive constant A for a fixed M, k € N such that

e )‘ <A, forzef0,1], n=1,...2%andm = 0,..., M. @)
Let k, M € N and {’(/Jn ;,?)}n:l _, defined as (3). The space of functions (Huwau, (s -) ,q,) is defined by
m=0,...,

Hyaw =< f= ZZanmd)nm,an,meRfornzl,...,Qk,m:O,...,M

n=1m=0

From (4) and the fact that orthogonal basis is frame ([4]), we deduce from Theorem 2. that H,,,, is a RKHS and
its reproducing kernel is given by

kwew @ [0,1] x[0,1]] > R:
(@,9) —  Fuwa(@,y) }:ZMv“ i ()- )
n=1m=0

In general, functions belonging to H,,,, are not all continuous.
In fact, for k = 1 and M = 1, we have

f(=) a1,003 %7 (@) + a1, 0% (@) + az, 00857 (@) + a2 03 (@)

(
\/2:(()1(;(,)5) + \/2:(1,115) Jla”B) (4I - 1) HARS [0 %[

2a2 0 + 2a32 1 J(a,ﬁ) (4$ o 3) = [%’ 1[

VR fre® !
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It is clear that f is continuous on [0, 1 [ and on [, 1. We will study the continuity of f at 1.

2 2
lim f(z) = lim 21,0 211 Jla’ﬁ) (4x —1)
a4 a4 \/hw \/h )
2a 2a o
_ 1,0 1,1 Jl( :8) (1).
\/ () \/ Bl
1 2a4, 2021 (o,
13 = S (1),

2 \/h@ﬁ) \/haﬁ)

We take @y, m = Qs m = am forn,n’ =1,..., 2%, we obtain

. 2a, Jleh)
lim f(z) = (1),
051 \/hm,ﬁ) \/h .8) i
1 2a a,
13 = — ;"7 (1),

\/ ) \/ ped) a
but J{* (1) # (P (-1 .
Kernel of type (5) has never been used for SVM since continuity is necessary to have a high- performance RKHS
([6]). This continuity problem is addressed in the following subsection.
3.2. The regularized Jacobi wavelets

Now, we consider the regularized Jacobi wavelets

k41

22 ( (a,8) (2k+1 — o+ 1))

Noa
A(avﬁ) — kf1 « «, n— n 6
P () s =) (7 O - AT (1) < < g ©
0. otherwise

Let H be the space of functions defined by

2k
H=Sr=)" Z am P, ay € Rform =0,..., M
n=1m=0
One can claim that :
Theorem 4 R
All functions belonging to the space H are continuous.

Proof
We know that the function f is continuous on each subinterval [ Qk ) oF [ then it only remains to study the
continuity at the points 2, n = 1, ...,2% — 1. We just need to compare between lim f(z) and f(2) :

n

T ok
n z ap) 1
fr) = Zamwnﬂmg)
m=0
M kit

Ay —F— (
=0 A /h(avﬁ)

0D (1) = (n = 1) (S0 (-1) ).

3
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lm f(z) = lm ZaW&“f

Ii# 2k m=0
M P!
= lim Y ap—— (J,(,?’B) (22 —2n+1) + (n—1) (Jg;*ﬁ) (1) — Jied) (—1)))
9352% m=0 A /h’gr?iﬁ)
n
hence, f is continuous. O
Remark 1 . R
The familly {wﬁf‘,’n )} n=1 ok is not orthogonal, but it is a wavelet frame for H =
m=0,...M
span { Afﬁ,f)} n_ 1 ok -sinceitisafinite set of elements of (LZ ([0,1]), (--),q,) ([4D.
m=0,.. M

To apply Theorem 2., we must compute the dual of (6). The frame operator U can be defined as in ([4])

H R2¥ (M+1)

U: f_>{<f’ (a76)>w,w} n=1,..,2"

m=0,..M
The adjoint operator is given by
R2" (M+1) —H
—_ M s
: {Cnm} n=1,.., 2]6 — n§1 mZ:[) Cnmwn,fn
m=0,..M

Let us define the dual frame { _ﬁlanf )} L as

’ n=1,..,2

m=0,..M

() = e,

where
S=UU~,
is called the frame operator. This operator is linear and self- adjoint. Note that in terms of the frame operator ([4])
we have
Z Z (RO ded, fel. %
n=1m=0 wav
Now, it remains to determine the w,(f‘,,? .
Theorem 5

The dual frame IZT(LO‘ +5) is defined as

M (e,8)
a, a —1)\/hy a, a, @,
7/’7(L7 B) _ ( 5) Z h\/(a = (Jg( B) (1) — ,]( B) ( )) 7/’( B)

— ,forn=1,..,2"%
LY :qp;“,,?), for m — 1., M
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Proof
We know that

ot
) = —— (J@P (M —2n 1) + (n— 1) (J@P) (1) = Jl&B) (—1
(@) W< ( )+ (=) (759 () 1))

= (@) + Aln,m)p'SP (),

a,B
(n—1)4/h{*#)

with A(n,m) = Tw (J,(,?’ﬁ) (1) — J,gf"ﬁ) (—1)).Using (7), we getforn=1,....28 m =0,... M
SRy = < n“m), > 1;1(3@
i= 1 7=0 wav
=TS (s 4 A )b
P 1 =0 wav

- ian,ii«wm o oA,

§=0
— (aﬁ) A (a B)
+ ’I’L J m, Ow .
j=1
If m # 0, we obtain
S =i,
then,
P = ST = v ®)
Otherwise,
M
Sw(aﬁ) (QB)—i—ZAn] (aB)
7j=1
SO
M
w(aﬁ) (a,ﬂ) ZA (a 6)
j=1
then
S—l (1&7(10’66[3)) (a B) ZA n _7 ( n?‘jﬁ)) 9)
Combining (8) with (9), we find
,(Z}(adﬁ) =S (’L/)( 75) ’5) ZA n ] ﬁ).
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So, for every function f in H, it can be written as

Z Z (60, F) (@), (10)

n=1m=0

O

The space H is an RKHS for the same arguments given in the subsection 3.1. According to ([13]), the
reproducing kernel associated with H is

f((l‘, y) = Z Z wna'rr?) 'SLarr? (y)

n=1m=0
S (mﬁ)( i ) + Zwaﬁ WD >>
n=1
ok
= ZZw PO (Y) = Kuao(,7).
n=1m=0

Similarly, the associated feature map is given by

$:00,1] - H
T = (I)( Zn 12 =0 gla"?) )w(aﬁ) :
= Zn 1 Zm 0 w%a"? )w(a’ﬁ)

For the multidimensional case, we will take for every x, y € [0, 1]d , d € N* the following set
H= ®?:1 }AI,

where ® is the tensor product ([15]). We define the inner product in H by
d
=11 ), (11)
j=1

where f = @7_,f7, g = @%_,¢ and f1, 47 € H, for j =1,...,d. We also define for x, y € [0,1]" the following
functions (Lemma 4.6 of [17])

d
Kxy) =[] Kwav(a’, ), (12)
j=1
such as 27, y7 € [0,1], and
0,1 =

P A
x+— ®(x) = ®?:1<I>(x3).

Theorem 6
The space #H is the RKHS associated to the Jacobi wavelets for the multidimensional case, and (.,.) is its
reproducing kernel.

Proof
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i Letx,y € [0, 1]d, from relation (12), we have

K(Xa}’) = HKwau 7y

- ®j:1Kwav(x a')(yj)
= ]C(Xv')(Y)a

SO
K(x,.) =&} me,(xj,.). (13)

Since kyq. is the reproducing kernel for H, then Kyaw(a?,.) € H, so K(x,.) € H.

ii Let f €M andx e [0,1]%, we know that

fx) = (®_17) (x)
d
= [I7@).
j=1
Since f/ € H and H is an RKHS, then

fx)

d
[T (Founle?, . 7).,
= <IC(X7 ')7 f>7-[ y

this last equality follows from relations (11) and (13). Then, the reproducing property is verified.

iii The Dirac function is continuous on H. Indeed, for x € [0, 1]d and f € H, we have

x(f) = [

We know that the functional d_; is continuous on H. So, d4 is continuous.

The following theorem generalizes Remark 1. for the multidimensional case.

Theorem 7

The familly H 1/)(0“ (. forms a frame for H.
n=1,..2"*
m=0,..M

Proof

We know that

= ®§l:1span {1/)(“’5)(. )}

Stat., Optim. Inf. Comput. Vol. 7, December 2019
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Let f € H, we have
4 .
fx) = (8f.F) (%)

d . .
= Hfﬂ(rw-

By applying relation (10) on every function f7 in H, we get

100 = IS (@) ) i
j=1n=1m=0 wav
2k M d ; d
= 23 TI((#e) 7fﬂ'> [T o @)
n=1m=0j=1 < wav j—=1
2k M
S IDIXL NI Tlc)
n=1m=0
where
d
B (x) = [[ 2 @),
Jj=1
and
d
VD00 = [[ 9o @),
j=1
So, the familly {\If;%?)} 1 ok is a frame for H, and the familly {\i/%o‘,ff)} w1 ok is its
m=0,..M m=0,..M
dual. O
Remark 2
The space H = span { (a’*B )} n=1 ok is the vector space of polynomials of degree less than or equal to
m=0,..M

M. So, we can separate the data by applying theorem 6 of ([6]).

4. Numerical tests
In this section, we validate the performance of our regularized Jacobi wavelets on two examples in two-dimensional
space and give a geometric comparison between Jacobi kernel, Jacobi wavelets kernel and other kernels : Haar

wavelet kernel, Wavelet kernel proposed by Zhang and al ([24]), Hermite and Laguerre polynomial kernel, RBF
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and polynomial. In Table 1, we give the kernels which are used for our numerical tests

d M
Jacobi k(z,y)= 1] > J(a A) LTJ)J(G B)(yj)
7j=114=0
d k 2° ] ]
Haar k(z,y) =11 X lefi(wj) )
j=1i=0n=
jd M ' .
Hermite k(z,y) =[] > Hi(x?)H;(y?)
j 1li= (]
Laguerre H Z L& (27) L (y7) ,
7 1li=
i 29 —yi |2
Wavelet k(z,y) = H1 cos <1.75 X <ﬂ%)> exp (”2;;>
j_
Hr”—@ﬂll
RBF H exp | —I—1-
d . .
Polynomial | k(z,y) = [] (27 x 3/ + 1)
j=1
Table 1
1 ® o wme
o o -1
09r " 1
081 ..
o7t e ® % o
0.6F :. %%
05f ®
o s
o4r
0.3 ° °
° ]
0.2f L) P
w, oo °
0.1F

Figure 1. two spiral dataset

with the following functions )/ : Haar wavelet, H; : Hermite polynomial, L¢ : Laguerre polynomial of order
«. All this kernels have the following tuning parameters, k : dilatation parameter, n : translation parameter, M : the
degree of the polynomial, 7 : RBF parameter and a : Zhang wavelet parameter.

Since Jacobi wavelets are defined on [0, 1], the original data should be transformed to [0, 1] using this formula

. xz — min; (:vf)
newzr] = fori=1,..,1, 7=1,..,d. (14)

. . )
max; (mﬁ) — min; (mz)

The kernels parameters are selected by using the ten-folds cross validation. First, the data are normalized by the
relation (14). Then, 90% of the normalized data are chosen randomly as training set and the left ones as testing set.
The best kernel parameters are the ones that gave the best accuracy over the 10 blocks. The accuracy is given by
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the following formula
nbr of correctly predicted data

- 100.
nbr of total testing data X

accuracy =

We choose the variation of the parameters as follows : the parameter C equal to 2¢ with i = —5, ..., 15. The RBF
parameter « equal to 2° with i = —15, ..., 3. The degree of the polynomial N varies from 1 to 6. The dilatation
parameter of wavelets k& varies from 1 to 3 and the parameter a = 0.5 : 0.5 : 4. Finally, the parameters « and /3
varie from —0.75 : 0.25 : 2.

The programs used are implemented on a pc of 2.2 GHz with 4 Go of RAM for the first example, and on a pc
of 3.2 GHz with 4 Go of RAM for the second example. The SVM toolbox has been used is the solver fitcsvm of
Matlab version R2014a.

4.1. Example 1 : two spiral dataset

We consider the two spiral dataset which consist of points of R? on two interwined spirals not lineary separable.
The spiral dataset has 100 points, 50 for each class (Figure 1.)
In Table 2, we reported only the best results for each kernel and they are shown in figures 2-9

2048 6 / 0.5 -0.75 30 83919  100%
2048 3 / / / 52 0.9221  90%
128 6 / 0.5 / 58 7.2587  80%
2048 / y=05 / / 27 0.0807  100%
8 2 / / / 63 0.6528 60%
0.125 5 K=1 0 -0.75 47 13.1361  100%
0.125 K=2 / / 39 0.2355  90%
512 / a=05 / / 32 6.8874  100%
Table 2
2048 5 / 1.75 0.5 21 46894  95%
32768 6 / / / 125 74001  70%
1024 5 / -0.25 / 56 51282  70%
8192 /  y=0.1250 / / 56 0.039  85%
512 15 / / / 32 2.7863  70%
0.0313 1 K=2 075  -0.75 175 6.817  100%
1 / K=0.0313 / / 160 03193  50%
32768 / a=05 / / 26 15139  95%
Table 3

4.2. Example 2 : checkerboard

The second dataset used was the checkerboard consisting of 486 blue points and 514 red points. For calculations
reasons, we only consider 200 points of the checkerboard chosen randomly ( see Figure 10. ).
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Scatter Diagram with the Decision Boundary
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Figure 8. Haar wavelet kernel Figure 9. Wavelet kernel

Figure 10. checker board with 200 points
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The best results are reported in Table 3 and figures 11-18.

5. Conclusion

In this paper, a new kernel based on regularized Jacobi wavelets is proposed. We show that the functions belonging
to the RKHS defined by the Jacobi wavelets are not all continuous, where the continuity being essential for the
separation property. So, we construct another RKHS by introducing regularized Jacobi wavelets that form a frame
for the new RKHS. Using frame theory, this new RKHS verified the separation properties. Experimental results
show that this kernel can provide competitive results compared to other kernel functions. Kernels based on wavelets
and orthogonal polynomials, have the reputation of having an expensive Gram matrix in terms of computation time,
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this is known that is a big challenge for this type of kernel. However, we noticed that by reducing the number of the
data in the training set, as shown by the numerical tests, our kernel always behaves well with a very competitive
execution time.

10.

11.
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