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Abstract In this paper, we consider a transmission problem in the presence of history and delay terms.Under appropriate
assumptions, we prove well-posedness by using the semigroup theory. Our stability estimate proves that the unique
dissipation given by the history term is strong enough to stabilize exponentially the system in presence of delay by
introducing a suitable Lyaponov functional.

Keywords Wave equation, Transmission problem, Past history, Delay term.

AMS 2010 subject classifications 35B37, 35L55, 74D05, 93D15, 93D20.
DOI: 10.19139/s0ic-2310-5070-728

1. Introduction

In this paper we study the following transmission system with a past history and a delay term

upt (X, 1) — augy(x,t) + / 9(8)uze(z,t — s)ds
0

(= 7) =0, (2,t) € 2 x (0,400), M
vz, t) — bugg(x,t) =0,  (z,t) € (L1, L2) x (0, +00),

Under the boundary and transmission conditions

U(O,t) = U(L37t) =0,

U(L“t) = 'U(Liat)7 i1 =1,2, (2)

aug (L;, t) — / g(8)uz(Li,t — s)ds = bu,(Li,t), i=1,2,
0

and the initial conditions
u(z, —t) = uo(x,t), u(z,0) =ui(z), z€Q,

ug(z,t — 1) = fo(z,t —7), z€Q, te(0,7), 3)
v(z,0) = vo(x), v(x,0) =v1(x), =« € (L1,Ls),

where 0 < Ly < Lo < L3 ,Q =]0, L1[J] L2, L3, a, u, b are positive constants,u is given history, and 7 > 0 is the
delay.
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732 EXPONENTIAL STABILITY

Transmission problems arise in several applications of physics and biology. We note that problem (1)-(3) is
related to the wave propagation over a body which consists of two different type of materials: the elastic part and
the viscoelastic part that has the past history and time delay effect.

For wave equations with various dissipations, many results concerning stabilization of solutions have been
proved. Recently, wave equations with viscoelastic damping have been investigated by many authors, see
[2,4,3,9,8, 10, 16, 18] and the references therein. It is showed that the dissipation produced by the viscoelastic
part can produce the decay of the solution. For example, A. Guesmia [6] studied the equation

ug — Au + / g(t)Au(t — s)ds + pus(t —7) =0, inQ x (0,00),
0

and under the condition:
36 >0, ¢'(s)<—-dg(s) VseR"
the authors showed the exponential decay.
Messaoudi [12] investigated the following viscoelastic equation:

t
ugy — Au + / g(t)Au(t — s)ds =0, inQ x (0, 00),
0

in a bounded domain, and established a more general decay result, from which the usual exponential and
polynomial decay rates are only special cases.
In [7] the authors examined a system of wave equations with a linear boundary damping term with a delay:

Ut (2, 1) — AUy (x,t) + / 9(8)Uugy(z,t — s)ds
0

+ prug(x, t) + poug(z,t —7) =0, (z,t) € Q x (0,400), “)
v (2, t) — buge (2,8) =0,  (a,t) € (L1, La) X (0, +00),
and under the assumption
p2 < ®)

they proved that the solution is exponentially stable. On the contrary, if (5) does not hold, they found a sequence of
delays for which the corresponding solution of (4) will be unstable.
In [11], authors considered the equation

uge(x,t) — Agu(z,t) — 1 Ague(z,t) — paAgup(x, t —7) =0,

and under the assumption
p2| < pua, (6)

they proved the well-posedness and the exponential decay of energy.
Recently, in[19] Yadav and Jiwari considered Burgers’-Fisher equation:

ou  9%*u ou
% o2 +au% +bu(l—u)=0, (x,t)€(0,T)xQ,
the authors proved existence and uniqueness of solution. Furthermore, they also presented finite element analysis
and approximation.
The paper is organized as follows. The well-posedness of the problem is analyzed in Section 2 using the
semigroup theory. In Section 3, we prove the exponential decay of the energy when time goes to infinity.
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N. BAHRI AND A. BENIANI 733

2. Preliminaries and assumptions

We assume that the function g satisfies the following:
A1I: We assume that the function g : RT — R is of class C! satisfying:

o0
g(0) > 0, a—/ g(t)dt =a—go=1>0. (7
0
A2: There exists a positive constantd,
g'(s) < —dg(s) VseRT, ®)
As in [14], we introduce the variable
2z, p,t) = w(z, t —7p), (x,p,t) € 2% (0,1) x (0,00).

Then
Tze(x, p,t) + 2p(x, p,t) =0, (x,p,t) € 2 x(0,1) x (0,00).

Following the ideal in [5], we set
n'(z,s) = u(x,t) —u(z,t —s), (z,t,8)€QWxRy xR, ©)

Then
ni(z,8) +nt(x,8) = ue(x,t), (2,t,8) € Qx Ry xRy,

Thus, system (1) becomes

g (2, t) — lugy (2, t) — / g(s)nt,(z,8)ds + pz(z,1,t) =0, (z,t) € Q x (0, +00),
0

v (2, t) — bugy (2,8) =0,  (a,t) € (L1, La) X (0, +00), (10)
Tz (x, p,t) + 2p(x, p, 1) =0, (z,p,t) € Q2 x (0,1) x (0,+00),
(@, s) +n5(2,8) = we(x,t), (w,5,t) € 2 x (0,+00) x (0, +00),

the boundary and transmission conditions (2) become

u(0,t) = u(Ls,t) =0,
u(Lit) =v(Liyt), i=1,2, ¢t € (0,+00),

. (11
lum(Lut) +/ Q(S)W;(Lu S)dS = bv$(Li7t)v 1= 17 27 te (07 +OO)7
0
and the initial conditions (3) become
u(z, —t) = ug(x,t), u(z,0)=wui(x), x € Q,
2(x,0,t) = ue(z,t), z(z,1,t) = folz,t —71), (2,t) € Q x (0,400), (12)
U(I,O) = Yo l’), Ut(x70) = Ul(l‘), T € (leLQ)a
It is clear that
nt(z,0) =0, forall z > 0,
n'(0,s) = n'(Ls,s) =0, foralls >0, (13)
n°(x,8) = no(s), forall s > 0.
Let V := (u,v, 0,9, z,n")T, then V satisfies the problem
Vi=(od +B)V(t), t>0,
L= + BV ) "

V(0) = Vb,
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734 EXPONENTIAL STABILITY

where V) := (uo(+,0),vo, u1,v1, fo(-, —7),10)" The operator <7 and % are linear and defined by

u ®
v (0
719 Bt + Jy ™ 9(s)waa(s)ds — pp — pz(., 1)
(] bz
z —%zp
w —Ws + ¥
and
%(Uv v, 0,1, 2, 77t)T = ;U'(Ov 0,¢,0,0, O)T
where

X, = {(u,v) € HY(Q) x H'(Ly, Ly) : w(0,t) = u(Ls3,t) = 0,u(L;, t) = v(Li,t),
lug(Li t) +/0 9(s)1L (L, 8)ds = by (Li, t),i = 1,2}

and LZ(R, H'(Q)) denotes the Hilbert space of H'-valued functions on R, endowed with the inner product

—+oo
@Dz oy = [ [ 966905 dsd
QJo
Set
V: (u7va§071/)7z7w)T7 V: (ﬁ75>¢a1&727w)T'
We define the inner product in the energy space 77,

L2 L2
(V,V) s = / ppdr + Ypda + / lugtiydx + / bv, v dx

Ly

+oo
// $)wy (8)Wy (s dsdx—l—Tu// zzdpdz.

D(of) = {(u,v,<p,¢,z,w)T € A+ (u,v) € {(H2(Q) x HX(L1, Lo)) N X. },
pe H' (Q),¢ € H'(Ly,Ly),w € L} (R, H*(Q) NH'(Q)) ,ws € (R, H'(Q)) ,
2 € L2((0,1), LA(®), w(w, 0) = 0,2(2,0) = ¢(a) }.

The domain of & is

and D (%) = s The well-posedness of problem (10)-(11) is ensured by the following theorem.

Theorem 1
Assume that (A1),(A2) hold. Let V; € 57, then there exists a unique weak solution V' € C (R, ) of problem
(14). Moreover, if V) € D(<7), then

VeCR,,D)NC (R, H#).
Proof
We use the semigroup approach. So, first, we prove that the operator .o/ is dissipative. In fact, for

(u, v, 0,%, z,w)T € D(<7), where o(L;) = (L;),i = 1,2, we have

Stat., Optim. Inf. Comput. Vol. 7, December 2019
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(AV, V) e = /Q ol + /Q ( /0 " g aa (51 — g (1))

Lo Lo
+/ luxgaxda:—&—/ bvxwxdx—&—/ bvgpdx
L4 Ly
—+o0
// $)wg(s)(—ws + @) dsdx
fu// zzp(x, p)dpda.
QJo

For the last term of the right side of (15), we obtain

// z2zp(z, p)dpdr = p // ,72 (z pdpdz—g/g(zz(x, 1) — 2%(x,0))dz.

Noticing that z(z,0,t) = p(z,t), w(z,0) = 0 and ¢(L;) = ¥ (L;),7 = 1,2, we obtain

+oo
(V)= et [ glopua(siase] |+ oo
" /Q (o — (. )pdz — /Q (ol )Pas]

w3 [ dOmrase -4 [ e - P,

where we have used that
+oo
g+ [ gls)un(s)dselon
0
“+o0
— (lux(Ll,t) +/ g(s)wz(Ll,s)ds><p(L1,t)
0

+oo
~ (o) + [ glo)unEa, s L)
_[bvm'l/)]ILJ?

Using Young’s inequality, we have

+oo
(V) V) s / / 8)|wy (z, 5)[*dsdz.

Consequently, taking (A2) into account, we conclude that
(FV. V) <0;

that is, 7 is dissipative.

735

5)

Next, we prove that —¢7 is maximal. Actually, let F' = (f1, fo, f3, f1, f5, f6)? € £, we prove that there exists

V= (’U,7 v, ¥, 1/1, 2, w)T S D(JZ{) Satisfying
(A — )V =

16)
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736 EXPONENTIAL STABILITY

which is equivalent to

Au — Y= flv
Av—1p = [,
Ap — gy — / 9(8)waz(8)ds + up + pz(.,t) = fs,
0 a7
A’(/} —bug, = f47
1
Az + —Zp = f57
.
AW+ ws — p = fg.
Assume that with the suitable regularity we have found « and v, then
= >\ — s
po=u—fi (18)
Y= — fo
So we have ¢ € H'(Q2) and ¢y € H'(Ly, L2). Moreover, we can find z with
z2(x,0) = p(z), forz e Q.
Using the equation in (17), we obtain
P
2(z,p) = @(x)e M7 4 Te_’\‘”/ fs(z,0)er 7 do.
0
From (18), we obtain
P
2(z,p) = Mue T — fre M7 4 Te_’\’”/ fs(z,0)e* do. (19)
0
It is easy to see that the last equation in (17) with w(z,0) = 0 has a unique solution
wlars) = ([ M ationn) + pla)dy)e
0
= (] o) + data) = fa)dy)e . 0)
0
By using (17), (18) and (20), the functions » and v satisfy
A2 4+ e M) u— lug, = ~,
A0 — bugy = f1+ Mo,
where
- (o) S
=10+ )\/ g(s)e”‘s(/ e)‘ydy) ds
0 0
and

f= /Ooo g(s)e—As(/oS eky(fG(CL‘,y) — fl(xay>)wa:dy>d8

1
— ure T / fs(2,0)e*Tdo + (A + i+ pe *7) fi + fa.
0

We just need to prove that (21) has a solution (u,v) € X, and replace in (18), (19) and (20) to get V =
(u,v, 0,1, z,w)T € D(<7) satisfying (16). Consequently, problem (21) is equivalent to the problem

Q((u,v), (w1,w2)) = (w1, w2), (22)
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N. BAHRI AND A. BENIANI 737
where the bilinear form ® : (X, X,) — R and the linear form [ : X, — R are defined by
D((u,v), (w1, ws)) / [ ()\2 + pX + pre ™ ) uwy + Zux(w)m}dx — [iumwl]ag

Lo
/ )\ vwy + by, (w2)m) dz — [bvrwﬂﬁf
L

1

and

Ly
l(wl,wg):/fwldx—F/ (f1 + Afo)wadz.
Q L

Using the properties of the space X,, it is easy to see that ® is continuous and coercive, and [ is continuous.
Applying the Lax-Milgram theorem, we infer that for all (wy,w2) € X, problem (22) has a unique solution
(u,v) € X,. It follows from (21) that (u,v) € {(H?() x H*(Ly,Ls)) N X, }. Thence, the operator A\ — o/
is surjective for any A > 0. That mean ./ is maximal monotone operator.Then,using Lummer-Phillips theorem
[15],we dedece that 7 is an infinitesimal generator of a linear Cy-semigroup on 57 .
On the other hand, it is clear that the linear operator % is Lipschitz continuous.Finally,also &/ + % is an
infinitesimal generator of a linear Cy-semigroup on #. Consequently (14) is well-posed in the sense of Theorem
I(see [15]).

O

3. Exponential stability

In this section, we consider a decay result of problem (1)-(3). In fact using the energy method to produce a suitable
Lyapunov functional

Theorem 2
Let (u, v) be the solution of (1)-(3). Assume that (A1),(A2) hold, and that

8(Ly — Lq) 8(Ly — Lq)
a>—-—"""0 b> —r 23
Ly+Ls— Lo Li+ L3 — Lo ()
then there exist two constants 71,2 > 0 such that,
E(t) < yoe MVt € R, (24)
For the proof of Theorem 2, we need some lemmas.
For a solution of (1)-(3), we define the energy
1 1 [t )
E(t) = 5 [ut (z,t) + lu?(x,t)]dz + 3 [vi (x,t) + bvi(z,t)|dx
b (25)
/ / s)|nt (z, s)|*dsda + —/ / (z, p, t)dpdz,
Lemma 1
Let (u,v,n, z) be the solution of (10)-(11). Then we have the inequality
d
th( )< p ut x,t dx—i— s)|nt (x, s)[*dsda. (26)
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738 EXPONENTIAL STABILITY

Proof
We have

d o0

E(t)/ (ututt + lua:uwt +/ 9(3)77;(9573>77;td3)d$
Lo

/ (vives —i—bvmvm)dx—&—TM// zi(z, p, t)z(x, p,t)dpde
L

1

- [(luf” / (8)11z (2, S)dS)ut} . [busve] 72

/ / s)nt(x, s)nt ,(x, s)dsdx (27
M/utz(x,l,t)dx—i-/uf(m,t)dx—M/ZQ(a?,Lt)dx
2 Jo 2 Ja

= // s)|n; (z, s)Pdsdz — /Utz(w,l,t)dx-&-ﬁ/u?(x,t)dx
Q 2 Ja

—H/ZQ(z,l,t)dx
2 Ja

where we have used that

lu, L, )ds )

[(“'*A o($)r (o 9)ds Y]

- (lux(Ll,t)—&—/ g(s)n;(th)ds)ut(Ll,t)

0
~ (rualLat) [ o)t (L s)dsJun(La)
0
= —[bvxvt]ff,

3 [ st spad” <o

T d ! 5 o , .
2dt/9/0 z°(z, p,t)dpde = 5 /Q(z (z,1) — 2°(x,0))dz. (28)

Young’s inequality gives us

(ZE()<,u/utxtda:+ // s)|nt (z, s)|*dsda.

and

and

O
Now, we define the functional
Lo
2(t) = / uugdx + / vopda,
Q Ly

then we have the following lemma.
Lemma 2
The functional 2(t) satisfies

d Lg L2

—9(t) < / 2dz + / vide 4+ (LPe +e—1) / ulde — / bv2da

// s)nt(z,s)| dsdx—i——/ (z,1,t)dz.
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Proof
Taking the derivative of 2(t) with respect to ¢ and using (10), we have

Ly
g@(t):/ufdm—l/uidx—u/z(&l,t)udx—l—[bvmv]ﬁ—i—/ vida
dt Q Q Q Ly

lu !, 5)ds )
+[( +/0 o($) o, )as Ju]

[e'e] Lo
—/ux(z,t)/ g(s)ni(x,s)dsda:—/ bvda (30)
Q 0 L

1

Lo
:/ufdx—l/uidx—u/z(axl,t)udx—i—/ vide
Q Q Q Ly

Lo o)
7/ bvfcdxf/um(z,t)/ g(s)nk(x, s)dsdw,
L Q 0

oo

[(luz+ /O h g(s)ng(z,s)ds)u]m: (luz(Ll,t)+ /O g(s)n;(Ll,s)ds)u(Ll,t)

_ (luz(LQ,t) + /O ~ () (Lo, s)ds)u(Lg,t)

—[bvxvt]ﬁ.

where we used that

By the boundary conditions (2), we have

x 2 Ly
u?(z,t) = (/ um(x,t)dx) < L1/ ul(x,t)dz, €0, L],
0 0
L3

uz(a:,t) < (L3 -— Lg)/ ui(w,t)da:, x € Lo, Ls],
L

2
which implies

/uQ(z,t)dx < L2/ uide, x€Q, 31
Q

Q
where L = max{L;, L3 — Lo }. By making use of Young’s inequality and (31), for any ¢ > 0, we obtain

2
,u/ z(x, 1, H)udx < 'u—/ 22(x,1,t)dx+L26/ uZdz. (32)
Q de Jq Q
Young’s inequality, Holder’s inequality and (A2) imply that

/um(m,t) /OO g(s)nt.(z, s)dsdr < 5/ (z,t)dz + —// s)|nt (z, s)|*dsdz. (33)
Q 0 Q

Inserting the estimates (32) and (33) into (30), then (29) is fulfilled. ]

Next, enlightened by [13], we introduce the functional

Z‘—%, Z'G[O,Ll],
gle) = (B - Blerle(z — L),z e (L1, L),
JI—%, J)E[LQ,L:J,}.
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It is easy to see that ¢(z) is bounded: |g(z)| < M, where M = max{
We define the functionals

Ly Ls—Lz}
2 2 ‘

F10 =~ [ awliue s [ gomii i) F

Lo
t)=— / q(z)vyvede,
L
then we have the following results.

1
Lemma 3

The functionals .%; (t) and .%»(t) satisfy

g«91(?5)

dt
(HQQOJF M2)/ 2z + (12 + % )/udx

<
M2 2
+— / 2(z,1,t)dz + (go + goe1) //
451 Q
I+ go
451// s)|nt(z, s)*dsdx — [ )

q(z)

_ [T (12 (1) +/0009(8)ni(f1775)d3)2]m

)0t (z, s)*dsda

q(i)ﬂf}ag

and

L Ls— L
iﬁg(t)g— 1+ Ls 2

Lo 5 Lo ) L
—_— v dw—i—/ bvwdx) + 221
dt (LQ 7L1) (Al t I 4 t( 1)

L;— L b
+ TQ v (L) + 1 ((L3 — L)v2(La,t) + Lyv2(Ly, )) .
Proof

Taking the derivative of .%; (t) with respect to ¢ and using (10), we obtain

470

-t [t
/szq(:”)“t (1 + é 95t (w, 5)ds ) da )
B /Q () (1t + /0 o, 3)ds ) (1 + /0

+ u/ﬂq(a:)z(:r, 1,t) (lum + /0Oo g(s)nt(z, s)ds)dx

_ /Qq(x)ut (lum + /Ooog(s)nfm(x,s)ds)dx,

g(s)nt (w, 5)ds ) da

We pay attention to

- /Q 1) (lu” - /0°° 906 (2 S>d8) bug + /OOO g(s)n(z, s)ds> dz
;/Qq/(x) (lum —i—/ooo g(s)n;(m,s)ds)de

[P (e [ atots) ]

Stat., Optim. Inf. Comput.

(34

(35)

(36)
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The last term in (36) can be treated as follows

_/Q(x)ut(luzt"‘/oo (s)nk,(x, s)ds)d

Ql/ ) uptgpde —/ / nm x, s)dsdx
:[—l“@“LQ+2A (w)uide

/ ut/ — n§)$dsdm
[ jatod] +24qmwm%4<mwmm
+/Qq /Owg s)nt,(z, s)dsdx
-

l
awpd] + =L [ g
2 2 /g

/ q(z / g'(s)n,dsdz,
Q 0

_ [/Q q(a?)utg(s)n;(x,s)dx};o —0.

Inserting (37) and (38) in (36), we arrive at

where we used that

ayl(t)
=— [% (lux + /O°° g(s)m(z, s)ds) 2} 8a {l j;goq(x)uﬂ a0
+

% Qq/(x) lu£+/ooo g(s)n;(x,s)d5>2dx
+u/ﬂq( x)z(x,1 t)(luT / g(s)t(, S)ds)dx

2 r)uldr — / / s)ntdsdx.

Using Minkowski and Young’s inequahtles we have

1 i 2
5/ (lum / g(s)nt (z, s)ds) dz
<l2/ de—i—go// s)|nt (z, s)[*dsdz.

Young’s inequality gives us that for any ; > 0

’u/q(m)z(x,l,t)(luz—i—/ g(s)nﬁ;(x,s)ds)dx)
Q 0
2,2
M/22(1‘,1,t)dx—|—1251/ui(l‘,t)dl‘
451 0

Q
—l—goal// s)nt (z, s)[*dsdz.

Stat., Optim. Inf. Comput.

(39)

(40)

(41
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742 EXPONENTIAL STABILITY

/ / s)ntdsda
§51M2/ 2dx 45—:1 // s)|nt (z, s)[*dsdz.

Inserting (40)-(42) into (39), we obtain (34).
By the same method, taking the derivative of .% (t) with respect to ¢, we obtain

It is clear that

d L2 L2
—F(t) = —/ q(z)vgpveda — / q(z)vpvda
L

1 Ly

1 N 2 1ot 2
= [~ qe@nt], 45 | d@uidesg [ b

1 1

b L
+[ - qatnd]
L1+L3—L2(/L2 ) /L2 ) Ly ,
< - vy dx + bvzda:) + —v; (L
4(L2—L1) L t L 4 t( 1)
Ls—L b
+ = 2 2(L2)+1((L3—L2)v§(L2, t) + L1vi(Ly,t)) .

Thus, the proof of Lemma 3 is complete.

We define the functional

1
Fat) =7 [ [ 72w ptdpda,
QJ0

then we have the following estimate.

Lemma 4
The functionals .#3(t) satisfies

1
ﬁﬂg,(t) < —02</ zz(x,l,t)dl‘—l—T// 22($,p,t)dpdx) —|—/uf(x,t)dx.
dt 0 o Jo Q

Proof

1
—F35(t) :27/ /e*”’zt(x,p,t)z(x,p,t)dpdx
dt 0 Ja

1
72/ /eprzp(x,p,t)z(:r,p,t)dpd:v
0o Jo

1
0
= — TP _—__ 2
/o /Qe dp (Z (a:,p,t))dpdx

1
:—7’/ /e_TPZQ(x,p7t)dpdx+/U,E(j,t)dl‘—e_q—/2’2(1}71,t)d.’17
0o Ja Q @

IN

1
_6—7(7/ /32(;37p,t)dpd$+/zQ(x,l,t)dLL‘) —&—/uf(x,t)dx.
0o Ja Q Q

(42)

O
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We define the functional

- [ [ gttt - e~ s)yasa

then we have the following estimate

Lemma 5

The functional .%,(t) satisfies

Ry
a”?

() < —(g0 —52)/ utdx—|—5212/ u dx—|—52u/ (2,1, t)dx
Q

L
+ (go + & + B0 / / )|k (, s)|*dsda
2(52 9}

L2
// s)|nt (z, s)[*dsda.

Proof

Taking the derivative of .Z4(t) with respect to ¢ and using (10), we have

X

| ot = ute = pasaa~ [ w [t

t) —ui(t — s))dsdx

. {uy /0°° 9(8)(uz(t) — uy(t — s))dsdx — go/

u?da
Q

# [ [T amteasas [ ([T a0 - - )as) an

+ /Q pz(x, 1,t)/0 g(s)(u(t) —u(t — s))dsdz.

Using Young’s inequality and (31), we obtain for any do > 0

/ lum/ g(8)(ug(t) — ug(t — s))dsdz

Q

< 6212/ 2dx+ // s)|nt (z, s)|*dsdz,
462 9]

/Q x(,1,1) / 9(s) (u(t) — ult — 5))dsdz

< 62:“/ (mvlat Mgo / /
Q

469

)|t (z, s)[*dsda.
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We notice that
L] o600 = e = sas) o
= [ ([ VA0 = st - 9)as) as
< [ [ s [ st okas)as
<%//’ (st (x, 5)|2dsdz

and

/ut/ g(s)nt(s)dsdr = — /ut/ s)dsdz

o Jo
<6 - x,s)|“dsdz.
<b [ aan - 20 // lnt e, 5)P

Inserting the estimates (45)-(48) into (44), we obtain (43). The proof is complete.

Proof
We define the Lyapunov functional

L(t) = N1E(t) + N22(t) + F1(t) + NaF2(t) + N5F3(t) + NeZa(t),

where N1, Na, N4, N5 and Ng are positive constants that will be fixed later.

Taking the derivative of (49) with respect to ¢ and taking advantage of the above lemmas, we have

d I+
%Xmg—@%%—®y4%—< %+QMQ

2
7N57N1u}/ufdx
Q

N- 2 M2 2
— {NsCQ _ee A a Ngégu} / 22(x,1,t)dx
4e 481 Q

Nyl - D —£) — (2 + PPe1) — Nebol?) / Lda
Q

b(Ly + L3 — Lo) L,
(LT 2N+ Nob v2dz
{ 4Ly —Ly) 1777 J Ly
Li+Ls— Ly /L2 2
B et B e Bt fN} v2dx
{ A(Ly—Ly) 0 A

(b= N)Y ((Ls — La)o3 (Lo, 1) + Luv(L, 1)

(e N [Lfvt (L0 + B0, 0)

¢(Na, Ng) // s)|nt (z,s)|*dsda

& 9(0) Nag L2 / /
+_( 2 4dn 46 s)|nk(z, s)[Pdsda.

(47)

(48)

(49)

(50)
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At this moment, we wish all coefficients except the last two in (50) will be negative. We want to choose N5 and N,
to ensure that

CL—N4ZO7 b_N420>

Li+ Ls— Lo
—— =N, — N. .
HIo—Iy) o P2=0
. For this purpose, since % < min{a, b} we first choose Ny satisfying
8I(Ly — L) .
——— < Ny < b}.
It Ls Ly < Ny < min{a, b}

Once N, is fixed, we pick N, satisfying

Li+ L3 — Ly

9 < N.
SV S YT — )

Ny.
Then we take €, and €1 small enough, and J, < 5N N we have

2 2 3.9

No(l — L% —e) — 2%, > il .

Once ¢ and ¢; are fixed, we take N5 satisfying
2N, 2 2M2 12 }

N5 > max{ ,
EC2o £1C2

and 5 < N 5°2 such that
Nop? M2u2 3

— > — Nsco.
de 1, ~ g2

Further, we take 99 < -%0 we choose Ng satisfying

Nsco —

2N- I+ 2e1M? 2N, 2N
2Ny | Itgo 2 MT | 2Ns | 2Nip

Ng >
go gJo gJo gJo go
Then we have )
2Ny | 2e1M? 2Ns 2N
N6>max{ 2’ +90+ €1 7 57 1#}_
go go go g0 go
Then, we pick 5 satisfying
go Nsco 1
5y < { }
2 <MY O SN 2N,
N2,“2 M2u2
Nycp — 200 21 Nes } >0
{ 5C2 1 iz 6024

Once
{Na(l— L% — ) — (I + I’e1) — Ngbal?} > 0.

Finally, choosing V; large enough such that the first and the last coefficients in (50) is positive.
From the above, we deduce that there exist two positive constants «; and « such that (50) becomes

if( t) < —a1 E(t +a2/ / s)|nt (z, s)*dsda
< —ap E(t) / / s)nt (z,s)[*dsda D
< —OélE( ) — agE/
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That is )
(L) + azB(t) < - E(t) (52)
where a3 > 0. Denote £(t) = £ (t) + asE(t), then it is easy to see that
£(t) ~ E(1),
i.e., there exist two positive constants 31, 5a:
By E(t) < E(t) < BoE(t), Vit > 0. (53)
Combining (52) and (53), we deduce that there exists «; > 0 for which the estimate
dE(t
LU < e, wxo (54)
since
E)(t) < E0)e Mt Vit > 0. (55)
Consequently, using (55)and (53), we find
1 1
E(t) < —&(t) < FS(O)e—%K vt > 0. (56)
1 1
Thus, the proof of Theorem 2 is complete. O

4. Conclusion

In this paper we study the following transmission system with a past history and a delay term. Under assumptions
on initial data and boundary conditions, past history and a delay term, we focused our study on the existence and
asymptotic behavior of solutions where we obtained exponential decay of solutions for transmission problems.

10.
11.

12.
13.
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