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1. Introduction

The Levinson algorithm (cf. [20]) is a very important result and has been widely used in prediction and signal
processing theory (cf. [5], [13], [21], [22], [26] and [27]). In the infinite dimensional setting, the problem of linear
prediction has applications in the context of continuous time processes and for large numbers of time series (cf. [3]
and [4]). A first matrix version of the Levinson algorithm was obtained by Whittle (cf. [33]) and later by Wiggins
and Robinson (cf. [34]). Matrix versions of this algorithm are also discussed in (cf. [10], [11], [12], [15] and [28]).
An extension to the infinite dimensional setting is found in (cf. [16]).

The Levinson recurrences are related to orthogonal polynomials in the unitary circle (cf. [11] and [17]). Also
these recurrence are related with the moment problem. From it arises development in theory function, in spectral
representation of operator and in statistics. In these recurrences appear an explicit parameters sequence that can
be identified with the partial autocorrelation coefficients (cf. [3], [7], [10] and [28]), the reflection coefficients in
geophysics (cf. [8] and [16]) and the Schur parameters in analytical functions (cf. [1], [31] and [32]). In the operator
theory they are known as choice sequences. These coefficients are very important in the theory of scalar stochastic
processes since they allow to characterize the autocorrelation coefficients of the process. An important application
of this characterization was the development of a new spectral estimation technique known as the Burg maximum
entropy method (cf. [6] and [28]). An extension of this technique to multivariate processes was studied in [29].
In [23] this concept is generalized to the Krein entropy. The partial autocorrelation coefficients are also related
to dilation matrices of a stochastic process, so (cf. [14]) proposed the introduction of a new vision of stochastic
process through geometry induced by dilation.

The Levinson algorithm is also used in the estimation of the coefficients of the autoregressive linear filter.
In this case we need to solve the system of linear equation, 7, X, =Y, where T, is a Toeplitz matrix. For
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this, it is necessary to obtain the LU decomposition of T},. In [9], this decomposition is used to demonstrate
that the maximum entropy density subject to the first p + 1 autocovariance matrices is the spectrum of a
multivariate autoregressive process of p — th order. Problems involving Toeplitz linear equation arise in several
applications, e.g. in the prediction of stationary processes, in inverse scattering problem, in buffer analysis for data
communication system, among others (cf. [5], [18] and [27]). In [24] and [25] some previous results are obtained
using orthogonal decomposition for the finite dimensional case.

The main contribution of this work is to obtain a new version of the Levinson algorithm for block Toeplitz
matrices in an infinite dimensional setting using orthogonal decomposition. The parameters obtained in this
algorithm are a sequence of contractive operators whose norm can be expressed as angles between subspaces,
similar to the finite dimensional case. Also, we obtain a block LU decomposition for block Toeplitz matrices where
the triangular matrices can be obtained through Levinson recurrences.

Additionally, our methodology could be useful to solve extension problems in statistics and for prediction
problems in an infinite dimensional context (cf. [10], [11], [12], [15], [16], [19], [20], [28], [33] and [34]).

The scheme to obtain the Levinson algorithm is as follows: the data is a sequence of bounded operators
{Ri}}_,, defined in a separable Hilbert space G. More specifically, based on the sequence of bounded operators
{Ri};_,, we built a Hilbert space ,, and a surjective isometry V, : D, — R,, where D,,, R, are two closed
subspaces of H,. In this sense, the defect spaces of the isometry V}, are N}, = H,, © D,,, M, = H,, © R,. Then,
the Levinson recurrences are obtained as a consequence of the orthogonal decompositions where the subspaces in
this decompositions are the defect spaces.

The paper is organized as follows: in the second section; we introduce some notations and preliminary results;
in the third section, we obtain a block LU decomposition for a block Toeplitz matrix; in fourth section, we state the
main result of this work and in the last section, we present the conclusions and discussions.

2. Preliminaries

First we are going to introduce the notation that we will be using in this work. Denote by N and Z to the sets of the
natural numbers and the integers respectively. We will use the symbols R and C to denote the set of real and complex
numbers respectively, D will denote the open unit disk in the complex plane, that is, D := {z € C: |z| < 1}. The
unitary circle, the boundary of I, will be denoted by T. Define ey, by e ({) := C’“, ¢ € T,k € Z. Denote, as usual,
the set of all bounded linear operator acting in the Hilbert space H as £(#). By 1 we indicate either the scalar unit
or the identity operator depending on context.

Next we explicitly explain how to build the Hilbert space #,, the subspaces D,, and R,, and a surjective isometry
Vp : Dp = Ry The defect spaces V,, and M,, are also calculated explicitly. For this, we need that the sequence of
bounded linear operators { Ry, }} _,, verifies certain conditions.

Given a sequence of bounded linear operator 1, R;,--- , R, acting in the separable Hilbert space G, define
R_, =R}, fork =1,---,pand we say that the sequence is strictly positive definite if, and only if,
p p
S (Rl hm)g >0 €]
n=0m=0

for all not null sequence {hy},_, C G.
Now, we stand for T},, k = 0,1, --- , p the bounded operator T}, : GFT1 — GF+1 defined by

1 R, - R_.
Te=1 : . :
Ry Ri_1 - 1

Therefore (1) is equivalent to that the bounded operator 7T}, is strictly positive.

Note that, if the bounded operator T}, is strictly positive, then the bounded operators Ty, k£ =0,1,--- ,p—1
are also strictly positive. In the following v = {vfj}2 j=0,1,.-. .k stand for the inverse of T}. We know that the
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bounded operators v, kK =0,1,--- ,p are strictly positive because the bounded operators 7y, k =0,1,--- ,p are
strictly positive. Hence, the bounded operators 7, and v¥, for k = 0,1,--- ,p are strictly positive since they are
the compression of the operators +y, to suitable subspaces of GF*1.

Let’s suppose from now on, that the sequence of bounded operators { Ry, }? __, satisfies (1).

Define £, = {¢ = > 1_erlr : & € G,k =1,--- ,p} as the set of all analytical trigonometrical polynomials of
degree less or equal p, in T with values in a Hilbert space G.
Define the inner product in &, by:

<Z enfru Z emgm> - Z Z <Rm7nfnagm>g

n=0 m=0 m=0n=0

Jo go
= <Tp N
fp 9p grt1

The space (&, (,)p) is a Hilbert space. Indeed, we obtain this result from the fact that the operator I, :
(&p, (-, -)p) = GPT! defined by I,(>" exhy) = (ho, b1+, hy) is a bounded and invertible.

Set D, = { Pl €6, i =01, p— 1}, Ry = {0 _ ex& & €6 k=1,...,p} and
Vp : Dp — R, the map defined as the linear extension of Vj,(ex§) = ex+1&.

Let L? as usual,

1 27 ]
L% ={f: T — G|f measurable andZ—/ [ f(e)|gdt < oo}
™ Jo

Clearly, L is a Hilbert space with the standard inner product

1 2m

(f,9)r2 (f(e™), g(e™))gdt.

g 2r Jo

For k € Z, let G, the subspace of Lé of the functions of the form exa (a € G). It can be seen in [30] such that G;
is orthogonal to G;, if i # j. Moreover,

LG = o )
and
lallg = llexallrz -

LetT, : (E,(G), (-, )p) = (&p, (-, >L§) be the map defined by

Fp(f) = Zek ZRk—sta fe gp 3)

P p
k=

0 s=0
Clearly I',,, is well defined.
The next result shows that V, is a surjective isometry and that the operator I',, is bicontinuos.
Proposition 1 (a) V, is a surjective isometry acting in (&, (, )p)-
(b) The operator I',, satisfies the equality (I', f, g) Lz = (f,9)p-
(c) The operator I'y, is bicontinuos.
(d) The defect spaces of V,,, N}, = €, © D, y M), = £, © R, are generated by elements of the form ', ! (e,x)
and I' Y(eg), © € G respectively. Moreover,

F;l(epx) = (eo’ygp +-F ep'yf,’p) x,

_ 4)
r, "(eor) = (eovho + -+ + ezﬂgo) x
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Proof: The statement (a) is very easy since R, 41)—(nt1) = Bm—n-
In order to see the statement (b), let f = Zi:o exfr, 9= Zi:o ergr € &y, thus

P

1 27 p p
ot o)y = <zel 3 Rl_mfmvzekgk> "
0 =0 m=0 k=0 G
= <f7 g>P

To prove (c), we note that the operator J,: (£,(9),(.,.)2) — Grtt defined by J,(>-%_,erxhn) =
(ho,h1 -+, hp) is a unitary isomorphism. Now,

p p
T T, (Z ekhk> =T, <Z ekhk) .

k=0 k=0

Therefore I', = J;T),1;, and hence I';, is bicontinuos.
To see the statement (d), let f € £, © D, and {ay}72; be a complete orthonormal system of the Hilbert space
G. From (b) we obtain the classical normal equations, that is, for j € N,

(pr,ekaj>Lé = (f,exa;)p =0fork=0,1,...,p— 1L (5)

Thus, from (2), for every j = 1,2, , there exists f7 € £, & D, such that I',(f7) = e,;. Therefore, we get the
generators of the defect space N,: f7 =T (ep0y), j =1,2,....

In a similar way, we prove that for every j € N there exists ¢/ € £, © R, such that g/ = T, ! (epa;).

Finally, (4) can be obtained from I';, = J; T, 1.

Lemma 1
Let I',, the bicontinuos operator defined by (3) and for 1 < j < k <plet I, : (&;,(,);) = (Ek, (,)x) the identity
operator. The following statements are true:

(@)
Ep
pr_1rp|5p—1 = prl
where I, | 4 is the restriction of the operator I',, to the set A and P‘f;1 is the orthogonal projection of &£, onto
Ep_1.
(b) Letx,y € £,—1. Then,

(@,y)p = Tpz,y) 2 = (Lp12,9) 13 = (2, y)p-1-

(c) For1 < j <k <p, I} is an isometry.
(d) There exists an isometry J such that

- Dp=Ep-1=J (Dp—1 ®Np—1)=J (Rp—1 ® Myp_1)=J (Vpu1Dp—1 & Mp_1),
- Rp=VpDp = J(Rp—l & Vp1 p—l)-

- =Ny N1 B - DN BN

- & =VPMe® VI IMy 1 @ @ VM1 &M,

Proof: To see (a), note that (&,—1, () 2 ) is a subspace of (&, (,) 2 ). Hence, from (3) we obtain the result.

The statements (b) and (c) are easy to prove.

The statement (d) is a direct consequence of the above proposition with J := I},_; , and from the preceding
results.
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3. A lower and upper triangular factorization of the matrix T, 1

The main result of this section is a lower and upper factorization of the matrix Tp_l. To get such factorizations we
need to obtain complete orthonormal systems of the defect space M, and N,,.
For this, we consider the operator Ly : (G, (,)g) — (G, (,)r2) for k = 0, p defined by Lyx = exx, x € G where

Gy, are the subspace of Lé previously introduced. Note that this operators are isometric isomorphisms. Now,
IEEMp(e”) (G, ()g) = (Mp, (,)p) and N,(e) : (G, {,)g) = (N, (,),) the operator trigonometric polynomials
%p(eit) =T, 'L and Np(eN“) =T, ' L, respectively. Clearly this operators are invertible with inverse given by
M (eit) = LiTy| s, and Ny (eit) = 3T, |y, Thus,

Mp(eit)x = F;l(eox) = (307(1))0 +-+ epvﬁo) z,
Ny(e")z =T, (epz) = (€0, + - + ep7h,) @
From these operators we define the normalized operators trigonometric polynomials M, (e'*) and N, (e’*) given
by

My(e")e = My(e") ()22, Nyp(e®)a = Np(e™) (v,) . (©)

From now on, we write M, and N, instead of M, (e®") and N, (e"') respectively.

This operators can be obtained from the classical equation (cf. [2], [16], [28] and [35]) using (3), the classical
normal equation ((5) for N,) and from the formula ') ' = Ix771J,,.

The following result shows that from these operators can be obtained complete orthonormal systems of the defect
space of the isometry V/,.

Lemma 2
Let {a4}72 ; a complete orthonormal system of the separable Hilbert space G. Then,

mI;:Mpozk and n];:Npozk; k=1,2,... (7)
are complete orthonormal systems of the defect spaces M, and N, respectively.

Proof: The result is a direct consequence of the preceding proposition and (4).
Using a similar proof given in [24] we can to show that the zeros of n’; and m’; for k =1,2,..., lie in the open
unit disk D and in the exterior of the closed unit disk, respectively.

Lemma 3
Let M, and N,, the operator trigonometric polynomials defined in (6). Then, the following properties are true:

(a) M, and NN, are isometric isomorphism.
(b) Forall j,k=1,--- ,pandevery z,y € G; (N;z, Nyy), = ;i and (e, My, ep_j M;y)p = k.
Proof: The statement (a) is a direct consequence of the previous lemma.
The statement (b) follows from the orthogonal decompositions £, = Ny @ N1 @ --- @ N, and &, = VP M, &
Vpp_lMp—l OB VpMp1 © M.
Denote M,, and N, by

Mp = eoMpp —+ o+ epMp,p and Np = GoNp,o + 4 epr’p

and define the matrices «, and 3, by

Mp,O e Ml,O M(],() NO,O Nl,(] T Np,O

Mp’l Ml,l 0 0 Nl,l Np’l
ap - . . . and ﬂp = . .

M,, --- 0 0 0 0 - Npyp
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Since N; ;, j =0,1,---,p are strictly positive,
(1 Nig
ﬁl - (O N1’1>
is invertible and for: = 2,--- |p
Ni—10
Bi — Bifl :
Ni_1,i-2
0 - 0 Nii
we can prove recursively that 3; for ¢ = 2,--- | p are invertible. Analogously, a similar result can be obtained for

7% 1217 y D-
The following result shows a lower and upper triangular factorization of 7'~ L

Proposition 2
Let v, and 3, the matrices defined above. Then,

BpbBy = T[;l = a,ay,.
Proof: Let f = (fo, -+, fp)" and g = (go, - - - , gp)". From the statement (b) of the previous lemma, we have

<f,g>gp+1 = (fo,g90)g + -+ <fpvgp>g
= <N0f0; N090>p +- 1+ <prp> Npgp>p

p p
= <RONO,Of07 N0,090>Q +-- 4+ Z Z <Rm—an,nfpa Np,mgp>g

n=0m=0
No,ofo No,090 Npofp Npo9p
0 0 Npf Np.ag
:<Tp . ) . ++<Tp p. 3 ) p. g
grt1 Npp o Np,pp g+
Noo Nio -+ Npo\ [+, Noo Nio - Npo\ /g
0 Mg - Ny i 0 Ng - Npa 0
=(T : : : - : : : :
0 0 - N,/ \[r 0 0 - Ny  \®/

Thus, 8;T,0, =1, or equivalently, 3,'T'(85)~' = 1. Hence S,8; =T, " and 3} is a lower triangular
factorization of T, !.
The upper triangular factorization of 7, can be obtained from the fact that

<fag>gp+1 = <f0790>g +-+ <fpagp>g
= (Myfo, Mpgo)p + -+ + (Mo fp, Mogp) p-

From now on to simplify the notation we write ;; instead of vfj fori,j =0,1,--- ,k;i,j # 0.
We can see in the next section that the Levinson recurrences is an efficient algorithm to obtain this factorization.

Proposition 3
Let ~y; the inverse matrix of T for k = 0,1,--- ,p. Then,

Yim =1 = Ajag_10i_1 A =1 — A} Br_185_1 Ak
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and
—1 * * * iy
(100) =1 Crar-10;_1C; =1~ CiBr-1Bi_1 i

where A} = [Ri, Ri—1, -+ ,Ri]and Cy = [R_1,R_5,--- , R_y].

oo (Tir AN _ (1 Gy
P\ A 1) T \CF T )

We write the matrix -y, = {'yfj}i,j:o,L..- k as,

e = (=1 TR (0 e
Yok Vkk Yok Yek2)

Proof: First, note that

where iz = [Yok, Y1k, -+ Ve—1,6)" Y2k = V0> V1o s Vek—1]  and  Yer = [Yo1, Y02, Yokls Y2k =

[v10, 720, -+ 5 Ykol"s Yor2 = {’ij}i,j:lw- ok
Therefore, T, —17%2 + Arvir = 0 and A} 752 + vk = 1. This leads to 72 = —Tk_flAWkk. Hence

%—kl =1- AZTk_lek

From the previous proposition we obtain the result.

Using the other representation of 7}, and 7, and the previous proposition we stablish the formula for 1%,

4. The Levinson Recurrences in an infinite dimensional setting

In this section we extend the Levinson recurrences to the infinite dimensional setting and we derive an interesting
formula for these recurrences using the generators of the defect spaces of an isometry. In this way we get a set of
parameters whose norm can be interpreted as the angle between the subspaces. Similar results have been obtained

in the finite dimensional setting (cf. [24] and [25]).

Proposition 4

Set Z ) VelNo—1 he angle between the subspaces V,N,,_1 and M,,_1, {a}}$2; a complete orthonormal system of the

separabfe Hilbert space G and A, : G — G the map deﬁned by

o0
k
Z (z,aq)g Cnp 15 My 1) pQlk-

11=1

M8

e
Il

Then, this map verifies the following properties

@) Apz = M, P VP (epryy ) forall o € G;
(b) (Apaj,qi)g = (Cn mp—1>p’
© [|A]l = cos (4/“? )

1

Proof: In order to prove the statement (a), we use lemma 2 and part (b) of the proposition 1 to obtain,

o0
—1/2
epa] E (eparj,n = Nppp /"
k=1

®)

(©))
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and thus,

Ep—
Pt VP (epo10) :PAj[’plepr e
—1/2 k ’
:MP*IZZ ’yp {p 104]70[l> <Vnp 17mp71>Pak
k=1 1=1

From (8), we get

—1/2
M,, 1V PN (epflaj) = MpflAp'Vp—{,pflaj

which proves the result.
The part (b) holds under the hypothesis, {a4}7° ; is a complete orthonormal system of G,

k=11=1

(Apeyj, ai)g = <ZZ (aj, ar)g Cnp 1,m’;1>pak7ai> = <<”;717m;71>p
g

755

To prove the statement (c).letz € Np_1,y € My with ||z ,—1 = 1and ||y[,—1 = 1. Thus, z = 3777, @nl_,
y=>7 j=1Yjmy,_q, where Yooy |@i> =1 and Y2 i1 ly;|* = 1. From the definition of the angle between two

subspaces and the previous results, we have,

o Np_1
oS (4X/(p_1 ) = sup{|(Cx, y)p

—sup{ Zszyj Cnp 1,

=1 j=1
oo o0 oo

= sup{ YD wghpai,ag)g| Y el =1, Z ly;1? = 1}
=1 j=1 =1 Jj=1

= sup {|[(Apu, v)gl « [lullg = 1, [lv][§ =1}
= [1Ap]l-

Corollary 1
Let A,, the operator defined by (8). Then,

p p—1
*
Ap=>">"M; | RNy 1m1.
m=1n=0

Moreover,

Ap = Ap_l + Mp—l,ORpr—Lp—l + p 1,p—1 (Z Rm p+1 1,m—1)

+ (Z Mgl,ann> Np-1,p-1
n=1

p p—1

Proof: To stablish (10) we note that,

(ernp_ymp_1)p = (exNp_100, My 1ak)y = Y > My RonnNp—1m—10u, k) -

m=1n=0

zllp-r =1, lyllp—1 =1, 2 € Npoy, y € M1}

il%l =1 Zlygl2 = 1}

10)
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Therefore,

(z, O‘l>g<Cn§;—1a m’;—1>po‘k

K

~

1
p p—1

<1‘, Otl>g Z Z <M;—1,7LRm—an—1,m—1ala ak>g 893

m=1n=0

N
Il
-

-1

bS]

M- T 10
K

*
Mp—l,an—"NP—Lm—lx'

1 0

3
Il
3
I

The recursion for A,, is a direct consequence of (10).
Now, we need to define the following operators to simplify the notation in the main result of this work,

—1/2 —1\—1/2 1/2
Wy =72 2 Sp=(k) T ()Y

From the proposition 3 these operators can be computed from M,,_;, N,_; and the sequence Ry, -- , R,.

Theorem 1
(Levinson algorithm) Let M,, y NV, the operators trigonometric polynomials defined by (6) and A,, as in (8). Then,
for every p € N the following recurrences are true,

Ny = (CNp—l - Mp—lAp) Wy, No=1

) (11)
M, = (M1 — (N1 AL) S, My = 1.

Proof: First, let {a;}72, a complete orthonormal system of the separable Hilbert space G and note that
epaj = Vp(ep—1a;) and ep_q1aj = szfl(ep_laj). From lemma 1, £,_1 = D, = D,_1 & N,_1. Hence,

£ Ep g Epe
PD[; (epaj) = VpPD;,ll (ep—10) + PD’;VPPN;,II (ep—105). 12)
Second, from of the orthogonal decompositions D, = R,_1 & Mp_1 and R, = R,,_1 & V,,,,_1, we have,

gp gpfl _ Sp 5p71
PDPVPPNp_l (ep—10yj = PR,,_l@M,,_lvaNp_l (ep—10%5)

Ep Epe
= P Ve Py (ep-10y). (13)
Substituting (13) into (12), we obtain,
£ Ep Epe £
PD}; (epaj) = ‘/PPDi,ll (ep_laj) + P./\/;;p,llvppj\;;,ll (ep_lozj). (14)

Again, using the orthogonal decomposition, D, = D, &N, we get Pffi (epaj) = eporj — Pé’; (epa ). This
operator is called the forward innovation operator. Now, we can rewrite (14) as,

&5 Ep Ep Ep
Py (epeyy) = VP~ (epay) — Py " VPR (ep-10)).
Finally, from proposition 4 we have the first recurrence of (11),

N, —-1/2

. —1/2 —1/2
pVpp | = CNp_17, 110y — Mp_1 Ay, 1,10

For the other recursion we need the orthogonal decomposition R, = R,_1 & V,N,_1. Thus,
Ep Ep Ep
PRp(eoaj) = 1:)73][)71 (6()0(]‘) +PVpr71 (6()0(]‘). (15)
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Now, from the orthogonal decomposition &, =R, & M, we have, Pfj’p (eorj) = egayj — Pfé‘; (eoc;). This
operator is called the backward innovation operator. Thus, we can rewrite (15) as

&, E &,
P,/\/‘l)p (eoaj) = P/vzfp,l(%aj) — PV:Npil(eoaj).

—-1/2

From proposition | and lemma 2, we have Pfjp(eoaj) =M, (v%) ;. Therefore,

-1/2

_1\—1/2 £
M, (76o) oj =My (750 1)

Q; _PV:Np_l(eOaj)' (16)

It remains to obtain 5: Ny (eoj). Note that from proposition 1, lemmas 1 and 2 and (8),

Ep Ep Ep Ep
PVprfl (eoaj) = PVpril (PRpfl (6004j> + PMpfl (eoaj)>

£

P Ep * —1\~1/2
- PVPNP*IPMpfl(eoaj) = VpNp—14y,, (750 ) :

Substituting this expression into (16), we conclude that

—-1/2
)1

—1/2 —1 * _1\—1/2
M, (v60) 2= My (’Ygo - CprlAp (’Ygo ) .

Which proves the main result of this work.

5. Conclusions and Discussions

In this work we have obtained a new version of the Levinson algorithm in infinite dimension setting using a
geometrical approach. This result, together with the lower and upper triangular factorization of the inverse for
block Toeplitz matrix 7, allows us to solve efficiently system of equations 7}, X, =Y, where X,,,Y, € grt!
, recursively computing the solution of the system of increasing size 73 Xy = Yj. Additionally, the parameters
obtained can be interpreted in terms of angles between subspaces. This generalizes the result obtained in the
finite dimensional case where this parameters can be identified with the partial autocorrelation coefficients. Indeed,
if we assume that 1 = Ry, ..., R, are the scalar partial autocorrelation coefficients of a second order stationary
stochastic process X = {Xj}, 7 this sequence is strictly positive definite. From [25] we know that the map

X_,; — ej, j € Z establishes a unitary automorphism between Hx = Span{X; : j € Z} (the closure of the space
generated by the process) and L?(fdt) where f is the spectral density of the process. Now, let [,k € N, k > [ and
H, == Span{X_,}*_, subspaces of H*. We define the innovations by

ep=X_p—Pu,, X p, € =Xo—Pu,, Xo
and they verify

(€p, €p) X VpNp—
o e = () = cos (£3270) = Il
€ps €p/ prx \€p> €p/) prx

These parameters are called partial de autocorrelation coefficients and are obtained from the Levinson algorithm.
When the dimension is ¢ we have a similar result. More details can be found in [24].

In this paper we show that the parameters A, have the same interpretation: ||A,| = cos ZXZ?{”?)

We have obtained from Corollary 1 that these parameters can be computed recursively and there exists a one to
one correspondence between these parameter and the sequence of operators { Ry, }}_; .

Finally, the geometrical technique obtained in this work could be useful to solve extension problems in Statistics
and for prediction problems in an infinite dimensional setting.
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