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Abstract In this paper, we consider the problem of the mean square optimal estimation of linear functionals which depend
on unknown values of a stationary stochastic sequence based on observations of the sequence with a stationary noise.
Formulas for calculating the mean-square error and the spectral characteristic of the optimal linear estimate of the functional
are derived under the condition of spectral certainty, where spectral densities of the sequences are exactly known. The
minimax (robust) method of estimation is applied in the case of spectral uncertainty, where spectral densities of the sequences
are not known exactly while sets of admissible spectral densities are given. Formulas that determine the least favorable
spectral densities and the minimax spectral characteristics are proposed for some special sets of admissible densities.

Keywords Stationary sequence, mean square error, minimax-robust estimate, least favorable spectral density, minimax
spectral characteristic

AMS 2010 subject classifications. Primary: 60G10, 60G25, 60G35, Secondary: 62M20, 93E10, 93E111
DOI: 10.19139/s0ic.v5i3.284

1. Introduction

The problem of estimation of unknown values of stochastic processes is of great interest both in the theory of
stochastic processes and applications of this theory to the data analysis in such fields of science as oceanography,
meteorology, astronomy, radio physics, statistical hydromechanics etc. Efficient solution methods of estimation
problems (interpolation, extrapolation and filtering) of stationary sequences were developed by Kolmogorov
(see selected works by Kolmogorov [15]). Constructive methods of solution of the estimation problems for
stationary stochastic processes were proposed by Wiener [43] and Yaglom [44, 45]. Detailed description and further
development of the methods can be found in the books by Rozanov [41], Hannan [10], Brockwell and Davis [3],
Pourahmadi [37].

The crucial assumption of most of the methods of estimation of the unobserved values of stochastic processes is
that the spectral densities of the stochastic processes considered are exactly known. However, in practice, complete
information on the spectral densities is impossible in most cases. To solve the problem in this case one usually
finds parametric or nonparametric estimates of the unknown spectral densities and then, under assumption that
the estimated densities are the true ones, one applies the traditional estimation methods. This procedure can result
in significant increasing of the value of error as Vastola and Poor [42] have demonstrated with the help of some
examples. To avoid this effect it is reasonable to search estimates which are optimal for all densities from a certain
class of admissible spectral densities. These estimates are called minimax since they minimize the maximum value
of the error. This method was first proposed in the paper by Grenander [9] where this approach was applied to
extrapolation problem for stationary processes. In the survey paper by Kassam and Poor [14] the minimax-robust
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methods of data processing are described and several models of spectral uncertainty are analysed. A method of
solution of problems of minimax extrapolation and interpolation of stationary sequences which is based on convex
optimization methods is proposed in the works by Franke [5], Franke and Poor [6]. This approach makes it possible
to find equations that determine the least favorable spectral densities for different classes of densities.

In the papers by Moklyachuk [23]-[27] the problem of optimal estimation of the functionals which depend on
the unknown values of stationary processes were investigated. Solution methods of interpolation, extrapolation and
filtering problems for periodically correlated stochastic processes are described in the book by Moklyachuk and
Golichenko [28]. The corresponding estimation problems for vector-valued stationary processes are described in
the book by Moklyachuk and Masyutka [29]. Estimation problems for functionals which depend on the unknown
values of stochastic sequences with stationary increments were investigated by Luz and Moklyachuk [17]-[22].
The problems of estimation of stationary sequences and processes with missing values were investigated by
Moklyachuk and Sidei [30]-[35]. Prediction problems for stationary processes with missing observations were
investigated in works by Cheng et al. [4], Bondon [1, 2], Kasahara et al. [13], Pourahmadi et al. [38], Pelagatti
[36].

In this paper we present results of investigation of the problem of the mean-square optimal estimation of the linear

functional A¢ = Y a(5)&(j) which depends on the unknown values of a stationary sequence {£(j),j € Z} from
j=0
S
observations of the sequence £(j) 4+ n(j) at points j € Z_\S ={...,—-2,-1}\S, S= U{-M, — N,,—M, -
=1
!
N +1,...,-M}, My = > (Np+ Ki), Ng =0, Ko =0. The problem is investigated in the case of spectral
k=0
certainty where the spectral densities of the sequences {£(j),j € Z} and {n(j),j € Z} are exactly known and in
the case of spectral uncertainty where the spectral densities are not exactly known while a set of admissible spectral

densities is given.

2. Hilbert space projection method of extrapolation

Let{¢(j),7 € Z} and {n(j), j € Z} be stationary stochastic sequences with zero mean values: E£(j) = 0, En(j) =
0 and correlation functions which admit the spectral decomposition (see Gikhman and Skorohod [8])

Re(k) = B+ ED) = 5 [ P FO0A Rey(k) = BSG + b0 = 5 [ € fea(0i
Re(k) = EnGi + DED) = o [ M heVir Ry(b) = Bnli+ k) = 5 [ ePgan,

where f(X), fen(A), fne(A), g(A) are spectral densities of the stationary sequences such that the minimality
condition holds true

r 1
| 7o T e

d\ < 0. (D

This condition guarantees that the mean-square error of the mean-square optimal estimate of the functional is
nonzero (see Rozanov [41]).
Stationary sequences £(j) and 7(j) admit spectral decomposition (see Gikhman and Skorohod [8]; Karhunen

[12]) _ ﬂ
€)= / GPZe(dN), () = / 7, (dN), @)

—T —T
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214 EXTRAPOLATION PROBLEM FOR SEQUENCES WITH MISSING OBSERVATIONS

where Z¢(d)) and Z, (d\) are orthogonal stochastic measures such that the following relations hold true

1 — 1
PZ(AZB = 5o [ SN BZeMZya0 = o [ fean
_ 1 — 1
P28 Ze00) = 3= [ Feih BZa0Zy0) =5 [ gan

Consider the problem of mean-square optimal linear estimation of the functional
(o)
AL =" a(h)8)
§=0

which depends on the unknown values of the sequence {£(j), j € Z} from observations of the sequence £(j) + 1(j)
atpoints j € Z_\S, where S = |J{—-M; — N;,...,—M;}.
=1

Making use of the spectral degomposition (2) of the sequence £(j) we can represent the functional A¢ in the
form

A€ = /A(e“‘)Zf(d)\)7 A(e?) = Za(j)eij’\.

=0

We will suppose that the coefficients {a(j),j = 0,1, ...} which determine the functional A are such that the
following conditions

S (k) < 00, S0k +1) [a(k)[ < oo 3)

k=

0 k=0
are satisfied. The first condition ensures that the functional A¢ has a finite second moment since E|A£|* <

o 2
R¢(0) (Z |a(k:)> . The second condition ensures the compactness in /5 of the operators that will be defined
k=0

below.

Denote by A¢ the optimal linear estimate of the functional A¢ from the known observations of the sequence
&(j) +n(j) at points j € Z_\S. Since the spectral densities of the stationary sequences &(j) and 7(j) are known,
we can use the Hilbert space method proposed by A. N. Kolmogorov (see selected works by Kolmogorov [15]) to
find the estimate Ag .

Consider values £(j) and 7(j) of the sequences as elements of the Hilbert space H = Ls(Q2, F, P) generated
by random variables ¢ with 0 mathematical expectations, E¢ = 0, finite variations, E|¢|? < oo, and inner product
(&,m) = E¢T. Denote by H*(€ 4 n) the closed linear subspace generated by elements {£(j) +n(j) : j € Z_\S}
in the Hilbert space H = Ly(Q2, F, P). Let Lo(f + g) be the Hilbert space of complex-valued functions that
are square-integrable with respect to the measure whose density is f(A\) + fey(A) + fre(A) + g(X). Denote by
L5(f + g) the subspace of Lo(f + g) generated by functions {e¥*,j € Z_\S}.

The mean-square optimal linear estimate Af of the functional A¢ from observations of the sequence £(j) + n(j)
is of the form

Ag = / h(e™)(Ze(dN) + Z,(dN)), “)

where h(e™*) € L5(f + g) is the spectral characteristic of the estimate.
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The mean-square error of the estimate /15 is given by the formula

A(h;F)=E ‘Ag _ Ag‘z _
= % / |A(e™) = h(e™)[* F(N)dA + % / |n(e™)]” g(A)dA

&)

- % (A(e™) = h(e™)) h(e™) fen(A)dA — % / (A(e*) — h(e))h(e™) fre(N)dA
_ 1 f ix ix ix 7 m )
= - [ (ALE™) = h(e™), ~h(e™) FOV (A(e ) — h(e), —h(e )) A,

—T

where F'(\) = ( f{; 5(?))\) J: gv(yg\/)\) ) is the spectral density matrix.

According to the Hilbert space orthogonal projection method the optimal linear estimate of the functional A
is a projection of the element A¢ of the subspace H on the space H*(£ + 7). The projection is determined by the
following conditions:

1)A€ € H* (& +1),
2)A¢ — AELH® (€ + ).

It follows from the second condition that the spectral characteristic h(e’*) of the optimal linear estimate A¢ for
any j € Z_\S satisfies equations

o (1 ) (€7-70)] -

= % (A(e™) = h(e™)) eI f(A)dA — % / h(e™)e™ A fre(A)dA+
1 ix IAYY ,—igA 1] A ,—ijA _
+ o (A(e") = h(e™)) €7 fen (A)dX — Py /h(e )e " g(A)dX = 0.

The last relation can be written in the form

s

1
2w

—T

[A(™M)(F(A) + fen(N) = h(e™M)(F(A) + fen(A) + fre(N) +9(N)] e A =0, jeZ\S.

Hence the function [A(e™)(f(A) + fey (X)) — h(e™)(f(A) + fen(A) + fre(A) 4+ g(N))] is of the form

A (FN) + feq (V) = A (FN) + feq () + fre (V) +g(N) = C(e™),
Cle™) =3 e(j)e,
JET
where 7' = S U {0,1,...}, and ¢(j), j € T" are unknown coefficients that should be determined.
From the last relation we deduce that the spectral characteristic of the optimal linear estimate A¢ is of the form

h(ei)\) _ A(eiA) f(/\) + ffn()‘) _ C«(ei)\) 1 (6)

fe(N) fe’
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216 EXTRAPOLATION PROBLEM FOR SEQUENCES WITH MISSING OBSERVATIONS

where fc(\) = f(\) + fgn({\) + fre(N) +g(A).

From the first condition, A € H*(£ + 1), which determines the optimal estimate of the functional A¢, it follows

that

s

1 . .
> /h(e“\)e_”’\d)\ =0,j€T,

—T

namely

P e IO ) iy LY gy,
27T/<A( ) 70 of )fc(A)> dA=0, jeT.

—T

Disclose brackets and write the last equation in the form

X1 [ DA £ fey (V) 1 [
a(k)— / 0 d\ — c()— [ ———dr\=0, jeT.
kzzo 2m J feN) IGZT 2m ) fe)
Let us introduce the Fourier coefficients of the functions
1 I 1
bp—j = — /eﬂ(’H)A d);
o FO) + fenON) + Fre(N) +9(N)
I FO) + fen (V)
o i(k—j)A &n d\:
Th_; = e 9
o 27r/ FO) + JenO) + Fae V) + (V)

Qk—j

_ L /e—z‘(k—m FNIN) — fen(N) fne(D)
2 f()‘)+f§n()‘)+fn§()‘)+g(/\) .

—T

S

(7

®)

Denote by a = (0,0,...,0,d) vector with zero first |S| = > (N + 1) components, and the last component

k=1
d@ = (a(0),a(1) ...) is constructed from coefficients which define the functional A¢.
Now we can represent relation (7) in the form

R4 = BE,

(©))

where € is the vector constructed from the unknown coefficients c¢(k), k € T, and the linear operator B in the space

{4 is defined by the matrix

Bs,s Bs,s—l oo Bs,l Bs,n
Bs—l,s Bs—l,s—l s Bs—l,l Bs—l,n
B = : : : : ,
By s Bys1 ... DB By,
Bms Bn,s—l s Bnq,l Bn,n

where elements in the last column and the last row are the matrices with the elements
Bl,n(kaj) :bkfja I= 1727"'7S;k: _Ml _Nl,-“y_Ml;j :03172,"'a
Bhm(k,j)=br—j, m=12,...,8k=0,1,2,...5=—Mp, — Ny, ..., — My,
Bn,n(k7j):bkr—j7 kaj:051727"'7
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and other elements of matrix B are matrices with elements of the form
Bl,m(j,k) = bk_j, l,m: 1,2,...,8;]{2 = —Ml —Nl,...,—Ml;j = —Mm —Nm,...,—Mm,

The linear operator R in the space ¢ is defined by the corresponding matrix in the same manner.
The unknown coefficients c¢(k), k € T, which are determined by equation (9) can be calculated by the formula

c(k) = (B™'Ra)y,

where (B~!'RaA)y is the k component of the vector B~ Ra. Hence the spectral characteristic h(e**) of the estimate
A¢ can be calculated by the formula

Z (BilRé’)keik)‘
h(e™) = A(eP) f) + fen(N) _ keT ' (10)
F)+ TenQ) + foeN) +9(A)  fA) + fen(X) + Fre(A) +9()

The mean-square error of the estimate A¢ can be calculated by the formula (5) which can be represented in the
form

A5 F) = A £, e, ) = B[ A€ — de] =
%/‘ ) fnf(fz(i)gm +Cle “)f; y CFoin
/ ‘ ) *{3”“—(1@“)@29@)&
- 217r <A("’M)fn§(f3<§>gw # 0 g5y ) (TR T 15 ) s an
- ;ﬂ/ (A(eﬂ)ff"(;z&)g“) +O(€M)fi/\)> (A(e“)f RN fal) C(BM);AD Fre VA
:;T_Z,A(eﬂ)ff( g\ )ff’ﬁ( e (X dHi/’C @ b
_2177: ga(g‘)em " 10)0 )f(_{f’;( Jne(X d)\+—/ 2 B lRa)e chh)dx

= (Ra,B7'Ra) + (Qa, a),

where (a,c) = > a,¢; is the inner product in the space .

k
The linear operator Q in the space /5 is defined by the corresponding matrix in the same manner as operator B
is defined.
Thus we obtain the following theorem.

Theorem 2.1
Let {£(5),7 € Z} and {n(j),j € Z} be stationary stochastic sequences with the spectral density matrix F(\) =
( ) fen (V)

foe) gV

and let the minimality condition (1) be satisfied. The spectral characteristic h(e**) and the
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218 EXTRAPOLATION PROBLEM FOR SEQUENCES WITH MISSING OBSERVATIONS

mean-square error A(h; F) of the optimal linear estimate of the functional A¢ which depends on the unknown
values of the sequence £(j) based on observations of the sequence £(j) + 7(j), j € Z_\S can be calculated by
formulas (10), (11).

The corresponding results can be obtained for the uncorrelated sequences. In this case the spectral densities
Jen(A) =0, fre(X) = 0 and we get the following corollary.

Corollary 2.1
Let {£(j),7 € Z} and {n(j),j € Z} be uncorrelated stationary stochastic sequences with spectral densities f(\)
and g(\) which satisfy the minimality condition

/(f(A) +g(\) 7t < oo. (12)
The spectral characteristic h(e**) and the mean-square error A(f, g) of the optimal linear estimate of the functional

A¢ which depends on unknown values of the sequence £(j) based on observations of the sequence £(5) + n(4),
J € Z_\S can be calculated by the formulas

—1 a eik)\
f k;T(B R (13)
f) +9(\) f)+9(0) 7

h(ei)\) —_ A(ei)\)

T

A(eM)g(\) + 3 (BT !Ra)e’™

i? 1 kET
Athi f9) = B |4 - Ae = o | T FN)ax
LT AEYIR) - X (B Ra) e (19
=3 () + 907 s

= (Ra,B"'Ra) + (Qa, a),

where B, R, Q are linear operators in the space £, with elements b,_;, r;—_;, qi—; respectively which are defined
by the Fourier coefficients of the functions

1 o—iltk=i)x f(\) A (15)

o i o i(k—5)X f(/\)g()\)
(]lc—j—27T J 7f()\)+g(/\)d/\.

—T

Consider the case where stationary sequence {£(j),j € Z} is observed without noise. Since in this case g(A) = 0,
the spectral characteristic of the estimate A¢ is of the form

h(e™) = A(e™) = C(eM) fH(N),
Cle™) = "e(j)e?, (16)

JET
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and the system of equations (9) can be represented in the form
a = B¢, a7

where B is the linear operator in the space ¢ which is constructed with the help of the Fourier coefficients of the
function (f(\))~! and is of the similar form as operators defined before.
Hence, the unknown coefficients ¢(j), j € T, can be calculated by the formula

() = (B7'4),.

where (Bflé')j is the j component of the vector B~ !4, and the spectral characteristic of the estimate /15 is defined
by the formula

h(e) = (Z a(j)em> - (Z (B™'a), em) FH. (18)

3=0 JET
The mean-square error of the estimate A¢ is determined by the formula
A(h; f) = (B™'4, &). (19)

Let us summarize the obtained result in the form of corollary.

Corollary 2.2
Let {¢(j),j € Z} be a stationary stochastic sequence with the spectral density f(A) which satisfy the minimality
condition

/ FH )N < oo (20)

The spectral characteristic h(e*) and the mean-square error A(h, f) of the optimal linear estimate A¢ of the

functional A¢ from observations of the sequence £(j) at points j € Z_\S, where S = |J{—-M; — N;,...,—M;},
=1

can be calculated by formulas (18), (19).

Let £(j) and 7n(j) be uncorrelated stationary sequences. Consider the problem of the mean-square optimal linear
extrapolation of the functional

N
AnE = a(h)E0)

J
which depends on unknown values of the sequence () from observations of the sequence £(j) + n(j) at points of

time j € Z_\S, where S = |J{-M; — N;,—M; — N; + 1, ..., —M;}. In order to find the spectral characteristic
1=1
hy (e™*) of the estimate

At = / By (™) (Ze(dN) + Zo(dN)

and the mean-square error A(hy; f,g) of the estimate of the functional Ax¢, we define the vector
S

ay =(0,0,...,0,dy) which has zero first |S| = > (N, + 1) components and the last component is dy =

k=1
(a(0),a(1),...,a(N),0,0,...).
Consider the linear operator Ry in the space ¢» which is defined as follows Ry (k,j) = R(k,5), j < N,
RN(ka]) :07] > N.
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220 EXTRAPOLATION PROBLEM FOR SEQUENCES WITH MISSING OBSERVATIONS

Thus the spectral characteristic of the optimal estimation A ~& can be calculated by the formula

Z (BflRNaN)keikA
() = An(e) 7t L KT @

FO) +9(N) F) +9(N)

The mean-square error of the estimate A ¢ is defined by the formula

K

AN(eiA)g()\) + Z (BilRNé’N)keik)‘

A .9) = B Ave — e[ = o [ GO FdA
1 T AN(eU\)f()\) — kZT(B—lRNaN)keik.)\ (22)
"o (FO) +9V)? g(A)dA

= (Rydy, B 'Ryay) + (Qnan, an),
where Q is the linear operator in the space ¢5, Qn(k,7) = Q(k,7), k, 7 < N, Qn(k,5) =0, k,j > N. Notice
that linear operators B, R, Q are defined in Corollary 2.1.

Corollary 2.3

Let £(5), n(j) be uncorrelated stationary stochastic sequences with spectral densities f(\) and g(\) which satisfy
the minimality condition (1). The spectral characteristic hy () and the mean-square error A(hy; f, g) of the
optimal linear estimate of the functional A& which depends on unknown values of the sequence £(j) based on
observations of the sequence £(j) + n(j), j € Z_\S can be calculated by formulas (21), (22).

In the case where the sequence is observed without noise we have the following corollary.

Corollary 2.4

Let £(j) be a stationary stochastic sequence with the spectral density f(\) which satisfy the minimality condition
(20). The spectral characteristic iy (e*) and the mean-square error A(hy, f) of the optimal linear estimate Ay ¢
of the functional A ¢ can be calculated by the formulas (23), (24)

N
ha(e) = (Za(j)em) - (Z (BlaN)jeijA> OVE (23)

j=0 jeT
A(hy: f) = (BT 'y, &). 24
The linear operator B is defined in Corollary 2.2.

In order to demonstrate the developed techniques we propose the following example.

Example 2.1
Consider the problem of the optimal linear estimation of the functional

Ar§ = a(0)£(0) + a(1)€(1)

which depends on the unknown values of a stationary sequence £(j) from observations of the sequence £(3)
at points j € Z_\S, where S = {—3, —2}. Let the spectral density of the sequence £(j) be of the form f(\) =
|1 — ce™**|~2. In this case the function

YN =1 —ae 2 =b_1e” + bg + bre?,

where by =1+ |a|?, b_1 = —a, by = —@, b, = 0, |p| > 1 are the Fourier coefficients of the function f~()).
According to the Corollary 2.4 the spectral characteristic of the optimal estimate A;£ of the functional A€ is
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calculated by the formula

hi(e?) = (a(0) + a(l)ei)‘) - <Z (Bflé'l)j eij)‘> (b_leﬂ')‘ + by + bleM) ,
JET
where vector a; = (0,0, a(0),a(1),0,0,...).
To find the unknown coefficients ¢(j) = (B_lé’l)j ,j €T =5U{0,1,2,...}, we use equation (17), where
¢ = (c(—3),c(—2),¢(0),¢(1),¢(2),¢(3),...). The operator B is defined by the matrix

bp by 0O 0 0 0 0
by b O 0O 0 0 0
0 0 b by 0O 0 0
| 0 0 b b b 0 0
0 0 0 b by by 0
0 0 0 0 b by b,
0 0 0 0 0 b b

We have to find the inverse matrix B~! which defines the inverse operator B~!. We first represent the matrix B

in the form
_( Boo O
s= (" )

(b by
By = < by b ) )
bo b_1 0 0 0
1 bo b_1 0 0

where

(=

Bll =

O O O
s}
(=
-
fp
o
7
—

Making use of the indicated representation we may conclude that the matrix B~! can be represented in the form

—1
(%0
— ’
0 B
where B&)l, Bﬁl are inverse matrices to matices Byg, B respectively. The matrix BO_O1 can be found in the form
bo —b_ 1
B&)l _ bg—_bélb_l bg—géb_l '
b3—bib_1  bZ—bib_1
In order to find the matrix (B;;)~! we use the following method. The matrix Bi; is constructed with the help of
the Fourier coefficients of the function f~1(\)

Bll(k7j):bk—j7 k)j:07172a""
The density f~1()\) = |1 — ce™*}|? admits the factorization

%: Z bpeip/\: ;w]emx\ JZOeJe'Lj)\

P——
bo=1+|al|?,b_1 = —a,by = —a,b, =0, |p| > 1,
Yo = 1,91 = —a,1p; = 0,5 > 1,

0; =al,j>0.

2 -2
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222 EXTRAPOLATION PROBLEM FOR SEQUENCES WITH MISSING OBSERVATIONS

Hence b, = > Yrthpypp > 0,andb_, = by, p>0.Thenb;_; = > ¢_ith_ ;.
k=0 l=max(t,7)
Denote by ¥ and © linear operators in the space f» determined by matrices with elements ¥; ; = ¥;_;,
©;;=0,_;,for0<j<i,¥,;,;, =0,0;; =0, for0 <14 < j. Then elements of the matrix B;; can be represented

in the form By, (i,j) = (¥ ¥); ;. Since ¥© = O = I, elements of the matrix B;;' can be calculated by the

., min(%,5)
formula Bl_ll(i,j) =(00);;= > 0,-,0,_;, and the matrix (B11)~ ! is of the form
=0
1 o o? ol
a aa+1 aa’ + « aa® + o

Bl=| & Gerr o _ceT T
1 a2 a?a+a a?al+aa+l a2aP 4@+ a

From equation (17) we can find the unknown coefficients ¢(j),j € T,

(i) = a(0)ad + a(l)(cia + ai=1), i> 2.
Hence the spectral characteristic of the optimal estimate is calculated by the formula
hi(e™) = (a(0) + a(l)ei)‘) — (e(=3)e™B £ ¢(=2)e” 2N 4 ¢(0) + ¢(1)e™ + ¢(2)e*A

+ 3 e(§)e ) (bore™™ + by + bre™) = —c(0)b_1e”™ — c(1)bye’
Jj>2
—c(2)boe’™ = e(2)bre’ = c(f)e ) (bore N + b + bie) .
3>2

Since coefficients bic(j — 1) + boc(j) + b-1c(j + 1) for j > 2 are zero, the spectral characteristic of the estimate
A; € is of the form
hi(e?) = —c(0)b_1e~™ = (a(0) + a(1)a)ae™ .
The mean-square error of the estimate of the functional A;¢ is calculated by the formula
A(hy; f) = (B7'a1,81) = (a(0))* + a(0)a(1)a + a(0)a(1)@ + (a(1))?|af* + (a(1))*.
With the help of the next example we demonstrate the impact of missing values on the mean-square error of the
optimal estimate of the functional.

Example 2.2

Let us investigate the mean-square error of the optimal estimation of the functional A¢ = > a(k)¢(k) from
k=0
observations of the sequence £(5):

1. at points j € Z_ with no missing observations and
2. at points j € Z_\S, where there are missing observations.
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Thus, we can see the impact of missing values on the mean-square error of the optimal estimate of the functional.
For easy computation, consider the case where only one value, S = {—n}, is missed.
Suppose that the function f~!(\) admits the factorization

fi* > e — >
p=—00 Jj=0

We first find the mean-square error of the extrapolation of the functional A¢ in the case where all observations
of the sequence at points j € Z_ are given. In this case by the formula proposed by Moklyachuk [23], [27]

-2
,6*”/\

Ai(h; f) = (B '@, a@) = ( A6, AD),

where B, is the linear operator in the space /5 defined by the matrix B; with elements that are the Fourier
coefficients of the function f~1(\):

bo b_1 b_s
b by by
By = by by by ... |’

A is the linear operator in the space ¢, defined by the relation

ia k+l9l,

=0

the vector @ = (a(0), a(1),a(2),...), and the vector § = (6, 61, . ..). Note, that under condition (3) the operator A
is compact.

Using the introduced in the previous example linear operators ¥ and ®, we can represent elements of the matrix
Bj in the form

Bi(i,§) = (¥ ®)i; = > ity

l=max(,5)
and elements of the matrix B; ' which determines the operator B} * can be calculated by the formula

min(z,5)

By'(i,) = (©0)i; = > 0iib; 1 =wi;.
=0

Hence, the mean-square error of the optimal estimate of the functional A¢ from observations without missing
values is calculated by the formula

Z(Zwm ) (k) = (By'a,a) = (©'a,0d).

k=0

Next we find the mean-square error of the optimal estimate of the functional based on observations of the
sequence with one missing observation by the formula A, (h; f) = (B; &, &), where By is linear operator in the
space ¢y defined by the matrix By with elements Bs(%,j) = b; ; = b;—; that are the Fourier coefficients of the
function f~1(\):
bO bfn b,n,1 b7n72
by, bo b_1 b_o

B —
2 boy1 by bo by .|
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and the vector & = (0, a(0),a(1),a(2),...).
In order to find the inverse matrix B, ! we use the Frobenius formula (see Gantmacher [7]). The matrix Bs can

be represented in the form
Boo  Bo1
By = ,
2 <B10 Bn )

Bo=(b ), Boi={(b—p bop-1 b_n_s 5
by, bp b1 b_
b - b
B — | _p gy, = 1 bo by
10 bpt2 " by b1 by

So the inverse matrix B; ! is of the form

Byl = ‘1/71 1 _VlemBﬁl 1
2 —Bi BmV_l B;l + Bi BlOV_leBﬁ ’

where V' = Byg — Bo1 Bl_llBlo. The matrix By coincides with the matrix B; from this example.

With the help of the relation

bn
P b 1 N . wn
v "/}n = mt = bp, Q/Jn = wn-i-l )
bn+2 PRI

we can represent the value V' in terms of operators ¥ and ©

— n—1
V=by— (by) ©O by, = by — (0¥t} @ W'} = by — (P, ) = ZW zw >l

k=n
Denote by @y ; = (By,' + By  BioV ™' Bo1 By;')k.;- Then for k, j > 0,
O =wr; + V! Zwk,ibi,—n Z b_pnwi; = Wrj + Vi, - (25)
i=0 1=0

Making use of the introduced notations we can represent BﬁlBloV*1B01Bf11 and consequently v ; in the
following form

B'BioV !By B =
-1 (@05,) (80'h,) =v- (60w, ) (Be'ws,) = vt (84,) (84, |
s = ((00) (80))
5]

Now we calculate the mean-square error of extrapolation of the functional A¢ from observations with one missing
value. In this case T'= {—n} U {0, 1, ...} and we have that

Am;f)—z(zwk,jam)aw—z(zak,ja<j>> +z(zwm ) b

keT \jeT kes \jeT k=0 \jET
o0 o0

= (Z W, ja(j) +Z@k,ja(j)> (Zwkg > (k).
k=0 \jes =0 k=0
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It follows from (25) that

Ao (h; ) = Ax(h; f) +Z<wa ) k) =
k=0 \j=0

- ’_, 2 ’, _ 7 ’,
= (06,06 + V7 |, 00| = e +v,) o

So we can estimate the impact of the missing values on the mean-square error of the optimal estimate of the
functional A¢.

In particular, in the case of estimating of the value £(0) based on observations &(k), k = —1,—2,... with one
missing value £(—n) the vector @ = (1,0,0,...) and the formula for the mean-square error is of the form

2
Ao £) = 1ol + V80Pl = [60f? | 1+ L2l

> [vk[?
k=0

Note, that the resulting formula for the same problem based on the AR representation of the stationary sequence
was obtained by Bondon (see Bondon [1]). He found that

. 1/,2 j
ElE(0) =02 =0% | 1+ , o’ =exp /lnf(A)dA ,
Z V7 et

where 1), are the AR parameters of the sequence.

3. Minimax approach to extrapolation problem for stationary sequences with missing observations

Theorem 2.1 and its corollaries can be applied for finding solutions to extrapolation problem for stationary
sequences with missing observations only in the case of spectral certainty, where spectral densities
F(A), fen(N), fre(X), g(X), which form the spectral density matrix F'(\), are exactly known. If the complete
information about spectral densities is impossible while a class of admissible spectral density matrices D = {F'(\)}
is given, the minimax(robust) method of extrapolation is reasonable. It consists in finding an estimate which
minimizes the value of the mean-square error for all spectral density matrices from the given class. For description
of the minimax method we introduce the following definitions (see Moklyachuk [23]- [27]).

Definition 3.1
For a given class of spectral density matrices D = {F(\)} the spectral density matrix F°()\) € D is called the least
favorable in the class D for the optimal linear extrapolation of the functional A¢ if the following relation holds true

A(F) =A(h(F°);F°) = max A (h(F); F).

Definition 3.2
For a given class of spectral density matrices D = {F()\)} the spectral characteristic h°(e**) of the optimal linear
estimate of the functional A¢ is called minimax-robust if there are satisfied conditions

(e € Hp = (1) Ls(f +9),

FeD

min max A (h; F') = max A (hU;F).
heHp FeD FeD
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From the introduced definitions and formulas derived above we can obtain the following statement.

Lemma 3.1

Spectral densities fO(\), f2, (N), fe(A), g°(A), satisfying the minimality condition (1), form the spectral density
matrix F°(\) € D which is least favorable in the class D for the optimal linear extrapolation of the functional A¢
if the Fourier coefficients (8) of functions

1 P+ 10 PPN W) = £, e (V)
o)+ ey + FoeN) + 0007 o) + f,(N) + e (V) + 62N o) + [, (N) + e (A) + 9°(N)

define operators B®, R?, Q° which determine a solution to the constrain optimization problem

max (Ra, B"'R4&) + (Q4&,a) =
F€D< ) +(Qa, &) 26)
= (R, (B")'R%a) + (Q%4, a).

The minimax spectral characteristic h° = h(F°) is calculated by the formula (10) if h(F°) € Hp.

In the case of uncorrelated stationary sequences the corresponding definitions and lemmas are as follows.

Definition 3.3

For a given class of spectral densities D = Dy x D, spectral densities f°(\) € D¢, g"(\) € D, are called the
least favorable in the class D for the optimal linear extrapolation of the functional A¢ based on observations of the
uncorrelated sequences if the following relation holds true

A(f20°)=A(h(f9"):f%¢°) =  max  A(h(f,9):f.9)-

(f,9)€EDsxDy

Definition 3.4

For a given class of spectral densities D = Dy x D, the spectral characteristic h°(e**) of the optimal linear
estimate of the functional A¢ based on observations of the uncorrelated sequences is called minimax-robust if
there are satisfied conditions

e eHp= (] Li(f+g),
(f,9)€Dsx Dy

i A(h; f,g) = A (R°: f,g) .
join max Ak f,g)= max A(Rfg)

Lemma 3.2

Spectral densities fO(\) € Dy, ¢°(\) € D, satisfying the minimality condition (12) are the least favorable in
the class D = Dy x D, for the optimal linear extrapolation of the functional A based on observations of the
uncorrelated sequences if the Fourier coefficients (15) of functions

)+ PN +g° )T PPN N + ")
define operators B®, R?, Q° which determine a solution to the constrain optimization problem
max (Ra BT 'R4&) + (Qa,3) =
(f.9)€D5 XDg< )+ A 27
(R, (B°)"'R"3) + (Q"4, &).
The minimax spectral characteristic h’ = h(f°, g") is calculated by the formula (13) if h(f°,¢°) € Hp.

In the case of observations of the sequence without noise we obtain the following corollary.

Stat., Optim. Inf. Comput. Vol. 5, September 2017



M. MOKLYACHUK AND M. SIDEI 227

Corollary 3.1
Let the spectral density f°(\) € Dy be such that the function (f°(\))~! is integrable. The spectal density
fP(X) € Dy is the least favorable in the class Dy for the optimal linear extrapolation of the functional A¢ if
the Fourier coefficients of the function (f°(\))~! define the operator B® which determines a solution to the
optimization problem
B~ B%)'&,a). 28

pax { 'd.a) = ((B%)'4.4) (28)

The minimax spectral characteristic h° = h(f°) is calculated by the formula (18) if 2(f°) € Hp,.

The least favorable spectral densities f°()\), g°()\) and the minimax spectral characteristic h® = h(f°, g") form
a saddle point of the function A (h; f, g) on the set Hp x D. The saddle point inequalities

A(h; f2,9%) = A (R £°,9°) = A (K% £, 9)
Vh € Hp,Vf € Dy,Vg € D,

hold true if h° = h(f°,¢%) and h(f°,¢") € Hp, where (f°,¢°) is a solution to the constrained optimization
problem

sup A (R(f%, %) f.9) = A (h(f°, 9% f°.4°), (29)

(f,9)€Dsx Dy

Ae”‘ 0()) + C%e iy |2

A (A7, 6%): .9 2W/' e Ly
A A fO ei/\ 2

/‘ go(/\)()g ) g(N)dA,

CO(eM) _ Z((BO)—lROé»)jeij/\_
jJET
The constrained optimization problem (29) is equivalent to the unconstrained optimization problem (see
Pshenichnyj [39]):
Ap(f,9) = —A(f°,9%); f.9) +6((f.9)|Dy x Dg) — inf, (30)

where 6((f, g) |Ds x D,) is the indicator function of the set D = Dy x D,.

A solution of the problem (30) is determined by the condition 0 € dAp(f°, ¢°), which is the necessary and
sufficient condition under which the pair (f°, ¢°) belongs to the set of minimums of the convex functional
A(h(f°,¢%); £, 9). Here the notion A (f°, g°) indicates the subdifferential of the convex functional Ap(f,g)
at point (f9,¢g%) which is a set of all linear bounded functionals A on L; x L; satisfying the inequality (see
Rockafellar [40]).

AD(f?Q) - AD(f07gO) Z A((f?g) - (megO))av(fvg) € Df X Dg'

The form of the functional A(R(f°,¢°); f, g) allows us to find derivatives and differentials in the space L1 x L.
Therefore the complexity of the optimization problem (30) is determined by the complexity of calculating of
the subdifferential of the indicator function 6((f,g)|Dy x D) of the set Dy x D, (see, for example, Ioffe and
Tihomirov [11], Moklyachuk [26]).

The following statement holds true.

Lemma 3.3

Let (f°, ¢°) be a solution to the optimization problem (30). The spectral densities f°()\), g°()\) are the least
favorable in the class D = Dy x D, and the spectral characteristic h° = h(f°, ¢°) is the minimax of the optimal
linear estimate of the functional A¢ if h(f°,¢°) € Hp.
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4. Least favorable spectral densities in the class D = Dy, X Dg

Consider the problem of extrapolation of the functional A¢ based on observations of the uncorrelated sequences in
the case where spectral densities of the observed sequences belong to the class D = Dy x Dg, where

1
Dy =< f(N) 27T/f()\)cos(w)\)d)\:rw,w:O,l,...,W ,

™

1
Dy = A)|— A)d\ < P
0= 90 5= [gar< p
Suppose that the sequence {r,,,w = 0,1,..., W} is strictly positive. In this case the problem of moments has

infinite many solutions and the set Dy contains infinite number of densities (see Krein and Nudelman [16]).
Let the densities f°(\) € Dw, g°(\) € Dy and let the functions defined by formulas

AN g0 (N) + CO(eir 2
hy(f,a%) = ((fz,fk()lgom()z L, 3D
AP0 - )]
hg(f07go) - (fo()\) +g0()\))2 9’ (32)

be bounded. In this case the linear functional
1 r 1 /
A i1 = 5 [ BN+ 5 [ (1)
is continuous and bounded in the space L; x L;. We can use the method of Lagrange multipliers to solve the

optimization problem (29) and find equations which the least favorable densities satisfy (see Pshenichnyj [39],
Moklyachuk [26])

w
[A(e™)go(A) + CO(e?)| = (Z wwcos<wA)> (S°N +9°M), (33)
w=0
|A(e) fo(A) = CO>e™)] = a(f°(N) + g°(\), (34)

where constants 1, > 0, a > 0.

Theorem 4.1

Let the spectral densities f°(\) € Dy, g°(A) € Dy be such that the minimality condition (12) holds true. Let the
functions defined by (31), (32) be bounded. Then the functions f°()), g°(\) determined by equations (33), (34)
are the least favorable spectral densities in the class Dy, x Dy if they determine a solution to optimization problem
(27). The function h(f°, ¢°) determined by formula (13) is the minimax spectral characteristic of the optimal
estimate of the functional A¢.

Theorem 4.2

Let the spectral densities f°(\) € Dy, g°(\) € Do be such that the minimality condition (12) holds true and

functions defined by (31), (32) be bounded. Then functions f°()\), g°(\) determined from the following equations
[A(e)g" () + )] = ar (£ + 6" V), (35)
A7) = )] = (/) +g°(V), (36)
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ay >0, ag > 0, are the least favorable densities in the class Dy x Dy, if they determine a solution to the
optimization problem (27). Note that oy # 0, if 5= [ fO(A\)dA = Py, and as # 0, if 5= [ ¢°(A\)dA = Py. The
function h(f°, g°) calculated by formula (13) is the minimax spectral characteristic of the optimal estimate of the
functional A¢.

Corollary 4.1

Suppose that the density f(\) is known, and the density g°(\) € Dy. Let the function f(\) + ¢°(\) satisfy the
minimality condition (12) and let the function hy(f, g") determined by (32) be bounded. The spectral density
g° () is the least favorable in the class Dy for the optimal linear extrapolation of the functional A¢ if

g°(\) = max {0,a7" [A(e™) f(A) = CO(e™)] = F(N)},

)) determines a solution to the optimization problem (27). The minimax spectral

and the pair (f()\),g°(\
) of the optimal linear estimate of the functional A¢ is calculated by the formula (13).

(
characteristic h(f, g°
Corollary 4.2
Let the density g(\) be known and let f°(\) € Dy . Suppose the function f°()\) + g()\) satisfies the minimality
condition (12) and the function hs(f°,g) defined by (31) is bounded. The spectral density fO()\) is the least
favorable in the class Dyy for the optimal linear extrapolation of the functional A¢ if

A(eM)g(N) + CO(e)|

w
> Py cos(wA)
w=0

o) = | —9(N),

and the pair (f°(\), g(\)) determines a solution to the optimization problem (27). The function h(f°, g) calculated
by (13) is the minimax spectral characteristic of the optimal linear estimate of the functional A¢.

Corollary 4.3

Let the density g(\) be known and f°()\) € Dy. Let the function f°(\) + g(\) satisfy the minimality condition
(12) and let the function hs(f°, g) defined by (31) be bounded. The spectral density fY()) is the least favorable in
the class Dy if it is of the form

FOO) = max {0,a™ [A(e™)g(N) + CO(e™)] — g(N)},
and the pair (f°()\), g()\)) determines a solution to the optimization problem (27). The function h(f°, g) calculated
by (13) is the minimax spectral characteristic of the optimal linear estimate of the functional A¢.

Corollary 4.4

Let the sequence f()) be known and the spectral density g°(\) € Dyy. Suppose that the function f(X) + g%(\)
satisfies the minimality condition (12) and the function h4(f, go) defined by (32) is bounded. The spectral density
g°(\) is the least favorable in the class Dy if

[A(e™) F(N) = CO(e™)]
W
z::O Pwcos(wN)

and the pair (f(\), g°(\)) determines a solution to the optimization problem (27). The function h(f, g°) calculated
by (13) is the minimax spectral characteristic of the optimal linear estimate of the functional A¢.

Consider the case where stationary sequence is observed without noise, g(A\) = 0. We obtain the following
corollaries.

Corollary 4.5
Let the spectral density f°()\) € Dy and satisfy the minimality condition (20). The spectral density f°()) is the
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least favorable in the class Dy for the optimal extrapolation of the functional A¢ if
FOO) =a7HC%eM)]

and f°(\) determines a solution to the optimization problem (28). The function h(f°) calculated by (18) is the
minimax spectral characteristic of the optimal linear estimate of the functional A¢.

Corollary 4.6
Let the density f°(\) € Dy and satisfy the minimality condition (20). The spectral density f°()\) is the least
favorable in the class Dy for the optimal extrapolation of the functional A¢ if

‘Co(ei)‘)’

) = — |
ZZ:O Ywcos(wN)

and f°(\) determines a solution to the optimization problem (28). The function h(f°) calculated by (18) is the
minimax spectral characteristic of the optimal linear estimate of the functional A¢.

5. Least favorable spectral densities in the class D = D' x D,

Consider the problem of extrapolation of the functional A¢ based on observations of the uncorrelated sequences in
the case where spectral densities of the observed sequences belong to the class D = DY x D,

D = 50 o) < FO) < u(h), o= / FO)A< Py

T

D. = 90 [o) = (1 = () + cwN). - [ adA< e b

—T

where spectral densities u(A), v(X), g1(\) are known and fixed, densities u(A) and v(\) are bounded. The class D
describes the “strip” model of stochastic sequences, while the class D, describes the “c - contamination” model
of stochastic sequences.

Suppose that the functions f°(\) € DY, g°(\) € D, determine bounded functions hs(f°, ¢°), hy(f°, g") by
formulas (31), (32). It follows from the condition 0 € A p (fo, go) that the least favorable spectral densities satisfy
equations

[A(e™)g"(\) + C%(e™M)] = (F2(N) + g° () (11 (A) +72(N) +ar), 37

[ A /) = CUe™)| = (/) + g ) () + a3 ), (38)

where 71 < 0and v = 0if fO(A) > v(A); 72 > 0 and vo = 0if fO(A) < u(N); (A) < 0and p(X) = 0if g°(A) >

(L —e)g1(A).
Hence the following theorem holds true.

Theorem 5.1

Suppose that the spectral densities f9(\) € DY, gY()\) € D, are such that the minimality condition (12) holds true.
Let the functions determined by formulas (31), (32) be bounded. Then the functions f°()\), g°(\) determined by
(37), (38) are the least favorable densities in the class D} x D, if they determine a solution to the optimization
problem (27). The function h(f°, g°) calculated by (13) is the minimax spectral characteristic of the optimal linear
estimate of the functional A¢.
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Corollary 5.1
Suppose that we know the form of spectral density f()\) and spectral density ¢g°(\) € D.. Let the function
F(\) + ¢°(\) satisfy the minimality condition (12) and function h,(f, ¢°) determined by (32) be bounded. The
spectral density g°()\) is the least favorable in the class D, for the optimal linear extrapolation of the functional A&
if
9°(\) = max {(1 - €)g1(\), L(N)},
F1(N) = az [A(e™) F(N) = COe™)| = f(N),

and the pair (f()\),¢g°(\)) determines a solution to the optimization problem (27). The minimax spectral
characteristic of the optimal linear estimate of the functional A¢ is determined by (13).

Corollary 5.2

Let the spectral density g(\) be known and the spectral density f°()\) € D¥. Suppose that the function fO()\) +
g(\) satisfies the minimality condition (12) and the function k¢ (f°, g) determined by (31) is bounded. The spectral
density fY()\) is the least favorable in the class D" if

F(A) = min {max {ay [A(e™)g(A) + C%(e™)] = g(N),v(N) } ,u(N)}
and the pair (f°(\), g(\)) determines a solution to the optimization problem (27). The function h(f°, g) calculated
by (10) is the minimax spectral characteristic of the optimal linear estimate of the functional A¢.
6. Least favorable spectral densities in the class D = D;l X D,

Consider the problem of minimax extrapolation of the functional A{ based on observations of the uncorrelated
sequences in the case where spectral densities of the observed sequences belong to the class D;l x De,,

DL =410 | [0 = filar<e b,

™

/ gNdA< Py b,

—T

D., = L) |90 = (1~ £2)01(A) + o), o

where spectral densities f1()), g1(\) are known and fixed. The class D’ describes the model of “z-neighbourhood”
in the space L; of a given bounded spectral density f()).
Suppose that the densities f°(\) € D! , g°(\) € D,, determine the bounded functions hy(f°, ¢°), hy(f,¢°)

by formulas (31), (32). The condition 0 € A (fo, go) determines equations which the least favorable spectral
densities satisfy

[A(e™)g" () + COe™)] = (/) + 9" (W) T (Ve (39)
A ') = COeM)] = (12 + 8" () () + ay ), (40)

where |U(\)| < Tand ¥(X) = sign(fo(A) — f1(N)if fo(A) # f1(N); a1, as are constants, () < 0,and p(A) =0
if go(\) > (1 — €2)g1 (). Equations (39), (40) together with the extremum condition (27) and normality condition

™

o [ 170 = A dr ==, @1

—T

determine the least favorable spectral densities in the class D.
The following theorem and corollaries hold true.
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Theorem 6.1

Let the densities f°()\) € D}, g°(A) € D, be such that the minimality condition (12) holds true and functions
determined by (31), (32) be bounded. The spectral densities f°()), g°()\) are the least favorable in the class
D;l x D, for the optimal linear extrapolation of the functional A if they satisty equations (39)—(41) and
determine a solution to the optimization problem (27). The function h(f°, g°) calculated by the formula (13) is
the minimax spectral characteristic of the estimate of the functional A£.

Corollary 6.1

Let the density g(A) be known and the density f°(\) € D! . Suppose the function fO()) 4 g()) satisfies the
minimality condition (12) and function hs(f°, g) determined by (31) is bounded. The spectral density f°()) is
the least favorable in the class D! if it is of the form

FON) = max {f1(A), a1 [A(e™)g(N) + CO(e™)| = g(V) } ,

and the pair (f°(\), g(\)) determines a solution to the optimization problem (27). The function h(f°, g) calculated
by the formula (13) is the minimax spectral characteristic of the estimate of the functional A&.

Corollary 6.2

Suppose f(\) is known and the density g°()\) € D.,. Let the function f()\) + ¢°()\) satisfy the minimality condition
(12) and the function hy(f, g) determined by (32) be bounded. The spectral density g°()) is the least favorable in
the class D, if

g°(A) = max {(1 = e2)g1(N), a2 [A(e™) f(N) = C%(e™)| = F(N}

and the pair (f(\), g°(\)) determines a solution to the optimization problem (27). The function h(f, g°) calculated
by the formula (13) is the minimax spectral characteristic of the estimate of the functional A&.

7. Conclusions

In the article we propose methods of the mean-square optimal linear extrapolation of functionals which depend on
the unknown values of a stationary sequence based on observations of the sequence with noise and missing values.
In the case of spectral certainty where the spectral densities of stationary sequences are known we derive formulas
for calculating the spectral characteristic and the mean-square error of the estimate of the functional. In the case of
spectral uncertainty where certain sets of admissible densities are given we derive relations which determine the
least favorable spectral densities and minimax spectral characteristics of the extrapolation.
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