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1. Introduction, problem description and preliminaries

The term of entropy was used for the first time in 1865 in Thermodynamics by Rudolf Clausius [7]. Later, scientists
such as Ludwig Boltzmann, Josiah Willard Gibbs and James Clerk Maxwell gave to this concept a statistical basis.
In Probability Theory, the degree of uncertainty to a random variable can also be evaluated using the entropy.
Consequently, the entropy can be used in the study of some risk assessment problems arising in different fields.

The purpose of this paper is to develop, using the classical multiobjective optimization theory, a simultaneous
optimization model involving Shannon entropy and spatial Shannon entropy subject to appropriate and meaningful
constraints. Moreover, by considering the qualitative concept of utility, we extend our model to the case of Belig-
Guiasu entropy and spatial Belig-Guiasu entropy. Practically, in both cases, we derive an approximation on the
distribution of population densities and the arrangement of urban activities over a set of n locations.

Now, let us introduce our study problem. According to Batty [4], following Batty [3], we shall represent a city as
a set of locations. Also, we assume that: (1) there are n locations, identified by ¢, with ¢ = 1, ..., n; (2) each location

is a point or an area where urban activities can take place; (3) in each location there exists a number of units of
n

urban activity; (4) the location identified by ¢ has the size (area) a; and, therefore, A = Z a; is the total size (area)
i=1
of the city. Denote by

N:im (1)

the total number of units of urban activity (the total amount of urban activity), where N;, represents the number of
units of urban acitiviy associated with location ¢, ¢ = 1, n. If we start with N7, the number of allocations of NV;(i.e.,
the number of locations with N units of urban activity) if given by

N!

N1 _
ON = NI M) ®
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S. TREANTA 209

the number of locations with N5 units of urban activity if given by

Ny (N —Ny)!
Onim = No!(N — Ny — No)! 3)

and so on. Making the product
ON' - CNiny - ON" Ny Na1» (4)

we find the total number of arrangements
N!
- HZL:I Nt
considered as a measure of complexity (W depends by allocations) of the city.
Remark 1.1

i) If the total amount of urban activity N is allocated to N;, with ¢ € {1,...,n} fixed, then the measure of
complexity W is equal to 1.

w

i) If N, = —, i = 1,n, then W varies with respect to the total amount of urban activity N and the number of
n
locations n.
By maximizing the measure of complexity W (more precisely, the logarithm of W), we shall find the most
enjoyable arrangement of units of urban activity in that it would provide the greatest possibility of distinct

individual activities associated with the locations ¢. Usually, such maximizations are subject to appropriate and
meaningful constraints. By a direct computation, using Stirling’s formula, we get

W~ N +In(N!) = Y N;In N;. (6)
=1

Taking into account that IV, is a frequency that can be trasformed into a probability p; = N by substituting the

number of units of urban acitiviy associated with location ¢ in the previous relation (6) and dropping the constant
terms, we find that the number of arrangements W is proportional to Shannon entropy (measure of uncertainty,
Shannon [14])

H=-) pilnp;. (7)
=1

Consequently, to maximize In W is equivalent with the well-known process of maximizing H.

Remark 1.2 N
1) When the total amount of urban activity N is equally distributed to locations, that is N; = —, ¢ = 1, n, then
n

1 . . . .
p; = — and H = Inn is at a maximum. Also, let us remark that H varies with n.
mn

ii) If the total amount of urban activity N is allocated to N;, i € {1,...,n} fixed, thatis N = N;, i € {1,...,n}
fixed, thenp; = landp; =0, j € {1,...,n}, i # j, and H = 0 is at a minimum.

Further, we consider the spatial entropy (for more details, the reader is directed to Batty [3], Batty et al. [5])

§=-Y i, (8)
i=1 ¢

a;

which takes into account the numbers A; = 1

, where a; and A are introduced at the beginning of this section. Let
n
us notice that Z A; = 1 and assume that % is subunitary (otherwise, we must minimize .S instead of maximize

i=1 v

it).
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210 OPTIMIZATION ON THE DISTRIBUTION OF POPULATION DENSITIES

Considering the previous mathematical context, the main aim of this paper is to study the following vector
(bi-objective) optimization problem

(VOP) max (— Zpi Inp;, — Zpi In f{) 9)
i=1 i=1 ’

subject to

Zpi =1 (10)

ipipi =P (11)
i=1
ipici =C (12)
=1
S pilna, = A (13)
i=1

where p; is the probability of finding a place ¢ which has P; population residing there and c¢; the travel cost from the
central business district to the zone . The constraint (10) is a normalization constraint on the probabilities, (11) is
a constraint on the mean population of places, (12) is a constraint on the average travel cost incurred by population
and, finally, (13) is a constraint on the average “logarithmic” size of locations.

The second objective of this work is to investigate a similar problem which involves the qualitative concept of
utility. The models proposed here can be regarded as an approximation on (i) the distribution of population densities
and (ii) the arrangement of urban activities over a set of n locations.

Next, in order to develop our theory, we will enunciate some elements of multiobjective optimization. Consider
the following convention between two vectors, u = (uq, ..., us), v = (v, ..., vs) in R’

u=vEsu =0, ulvsu <, (14)

u<veu <v, uIvsu<luv uFv, =1s,

and the following vector minimization problem

(P)  min f(z) (15)

subject to
x € X :={x e R" g(x) <0},
where f : R — R°and g : R" — R are vector-valued functions, defined by f(z) = (f1(x), f2(2), ..., fs(z)) and

g9(z) = (g1(x), g2(x), ..., gm(x)), wWith f; : R" — R, i € {1,...,s},and g; : R" — R, j € {1,...,m}, continuously
differentiable functions on R". Denote by v/ f;(x) and \7g;(z) the gradients of f; and g; at € R", respectively,

and by (z,y) = Z x;y; the inner product of z € R®* and y € R".
i=1
Definition 1.1
A point z° € X is said to be an efficient solution to problem (P) if there is no z € X such that f(z) < f(z).
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Definition 1.2
A point 2° € X is said to be a weak efficient solution to problem (P) if there isno = € X such that f(x) < f(«°).

Obviously, if 2° € X is an efficient solution to problem (P) then z° is a weak efficient solution to problem (P).
However, the converse relation does not hold, in general, and practically the concept of efficient solution is more
desirable than that of weak efficient solution.

Theorem 1.1

(Necessary efficiency conditions for (P)) Let 2z° € X be any feasible solution to (P) and suppose that the
generalized Guignard constraint qualification holds at 2° € X. If 2° € X is an efficient solution to (P), then there
exist the vectors A € R® and u € R™ such that

Z)\sz JFZNJVQJ =0, (16)

(1, 9(2%)) = 0,

A>0, p>0.

Remark 1.3
If the vector minimization problem (P) contains, in addition, constraints of the type h(z) = 0, with h : R" — R
a continuously differentiable function, then there exists a vector o € R’ such that the first condition in (16) becomes

ZA v filz +Zakvhk +ZM7V9J =0. (17)

Let p be areal number, C C R",and b : C' x C' — [0, c0) a function.

Definition 1.3

A differentiable function ¢ : C' — R is said to be [strictly] (p,b)-quasiinvex at z° € C with respect to n and 0
if there exist the vector functions 7: C' x C — R™ and 6 : C' x C' — R? such that for any = € C, [z # 2°], the
following implication holds

$(x) < ¢(a”) = b(z,2°)n(z,2°) v $(2°) [<] < —pb(w,2°) || O(z,2%) |*. (18)

In the above definition, if we replace ” < ” with” =7, we obtain the definition of monotonic (p, b)-quasiinvexity
at z° with respect to 1 and 6.

In the following theorem, we establish, under (p, b)-quasiinvexity assumptions, sufficient optimality conditions
for (P).

Theorem 1.2

(Sufficient efficiency conditions for (P)) Let z° € X be any feasible solution to (P) and let there exist the
vectors A € R® and p € R™ such that the conditions (16) are satisfied. If:

(i) each function f;(z), i = 1, s, is (p}, b)-quasiinvex at 2° with respect to 5 and # and there exists at least an
index k € {1,..., s} such that fy(z) is strictly (p;, b)-quasiinvex at z° with respect to 7 and 6;

(i1) each functlon gj(z), 7 =1, m, is monotonic (p?7 b)-quasiinvex at 2° with respect to 1 and 6;
m

(i) Z Aip} + Z nip} = 0,

then z° € X is an efﬁc1ent solution to (P).
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212 OPTIMIZATION ON THE DISTRIBUTION OF POPULATION DENSITIES

Remark 1.4

If the vector minimization problem (P) contains, in addition, constraints of the type h(x) = 0, with h : R™ — R
a continuously differentiable function, then the conditions (i) and (ii¢) from Theorem 1.2 change as follows:

(i’) each function f;(x), i = 1,5, is (p} , b)-quasiinvex at x° with respect to 1 and 0;

(i”) each function hy(x), k = 1,1, is (p3,b)-quasiinvex at x° with respect to n and 0;

(i”’) one of the functions given in (i’), (i”) is strictly (p, b)-quasiinvex at x° with respect to 1 and 0, where p = p;
or pi,

and, respectively

s m l
(iii') Y Nipy + D pips + ) owpi > 0.
i=1 j=1 k=1

For more details, other notions and their connections, the reader is addressed to Yu [20], Treanta and Udriste
[16], Arana et al. [2], Verma [18], Treanta [17].

2. Main results

Let us observe that our bi-objective optimization problem (9), subject to (10) — (13), can be rewritten as follows

n n n
VOP min iln ) iln i — ilnAi
von s (e Lk ~3ipma)

subject to

n n n n
Zpi:L Zpipizfy Zpi(%‘:é, Zpihlaizz
i=1 i=1 =1 i=1

Taking into account the general context formulated in the previous section (see Theorem 1.1 and Remark 1.3),
now we are in a position to establish and prove the first part of our main results.

Theorem 2.1
If p= (p;), i = 1,n, is a normal efficient solution in (VOP), then there exist the scalars A1, A2, a, 3,7, § with
A1 >0, Ag >0, Ay + A2 = 1, satisfying

pi=exp[-1—a—(1-X\)InA—-BP,—vye;, — (M +6—1)Ina], (19)

or, equivalently,
pi=Kexp[—8P;, —vc; — (M1 + 6 —1)Ina],

where K = exp[—1 — a — (1 — A1) In A] is a constant of proportionality which ensures that the probabilities sum is
n n
1. Moreover, the “negative” measures of complexity H; = —H = Z pilnp;and S1 = -5 = Z p;In %, which
i=1 i=1 ‘
are at a minimum for the given set of constraints, simplify to

H=-1-a-(1-X)InA—-8P —~C— (M +d—1)A4, (20)

Si=—-1l—a+AInA—BP—~C—(\ +0)A.

Stat., Optim. Inf. Comput. Vol. 6, June 2018



S. TREANTA 213

Proof
Having in mind the general mathematical framework formulated in Theorem 1.1 and Remark 1.3 of section 1,
we introduce the Lagrangian

n n n
L(pis A, 0, 8,7,0) =Y pilnpi+ (M — 1)) piln A +a (Zpi - 1)
i=1 i=1 i=1

+5 (Zpipi —P> + (Zpici —C> +9 (sz‘ Ina; —A>
i=1 i=1 i=1

and, by imposing the necessary conditions of efficiency, we get
].+hlpl+(/\1 — 1)1HAZ+Q+6PZ+701+51H01 = 0,
or, equivalently,
pi=exp[-l—a—-—(1-XM\)InA—-BP,—vyc; — (M +9—1)Inay]
= Kexp[-BP; —v¢; — (A + 6 —1)Inay],

where K = exp [—1 — a — (1 — A1) In A] is a constant of proportionality which ensures that the probabilities sum
is 1. "

If we substitute the probability in (19) into the “negative” Shannon entropy H; = Zpi Inp; and into the

i=1

n
“negative” spatial Shannon entropy S; = Z pi In %, by a direct computation, we obtain the ’negative” measures
i=1 g

of complexity in (20) and the proof is comglete.

Over the past years, in order to correlate the quantitative concept of information with the qualitative concept
of utility, many researchers (see, for instance, Belis and Guiasu [6], Longo [12], Kapur [9], [10]) have introduced
several weighted information measures. Given the context in which we are, these weighted measures of information
become very important (they take into account both the probabilities with which certain random events occur and,
also, some qualitative characteristics of these events). Thus, according to Belis and Guiasu [6], let u; be the weight
associated to an elementary event with probability p; (in our case, an elementary event is the finding of a place
¢ which has P; population residing there and c¢; the travel cost from the central business district to the zone 7).
Consider the weight u; as a finite, positive real number representing the relevance, the significance or the utility
of the occurrence of an event with probability p;. If u; > u;, then the event with weight u; (and probability p;) is
strictly more significant, more useful or more relevant than the event with weight u; (and probability p;), where
i,j €{1,...,n}, i #j.

Using the previous utilities (weights), let us introduce the following weighted bi-objective optimization problem

(VOP)* min <E w;p; In p;, E uip; Inp; — E Ui p; lnAz-) (21)
Ppi
i=1 i=1 i=1

subject to

Yopi=1 Y wpi=P ) pPi=P (22)
=1 =1 3

Zn:pi Ina; = 4, Zn:uipi Ina; = 4, Zn:pici =C.

=1 i=1 i=1
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214 OPTIMIZATION ON THE DISTRIBUTION OF POPULATION DENSITIES

Remark 2.1
i) The above minimum is computed for fixed utility distributions.

ii) There are two additional constraints in (VOP)* compared to (VOP): the constraint Z u;p; = P on the
i=1
relevance of the weights u; (of course, if u; = us = -+ - = u,, := u, we get P = u and further, if v = 1, we find the
first constraint in (VOP)*; therefore, for generality, we shall consider the weights w; as different, finite, positive
n

real numbers) and the constraint Z u;p; Ina; = A on the weighted average “logarithmic” size of locations.
i=1
Now, we shall formulate and prove the second part of our main results.

Theorem 2.2
If p = (p;), i = 1,n, is anormal efficient solution in (VOP)*, then there exist the scalars A1, A2, @, 3,7, d, 0 and
7, with A1, A2 > 0, A\; + Ay = 1, satisfying

pi=exp[—u; —u; (M —1+0)Ina; —u; (1 — A1) InA— o — fu; —yP;, — dlna; — 7¢;] Ju;. (23)
Moreover, the “negative” measures of complexity H; = Zuipi Inp; and ST = z:uZpZ ln , which are at a
i=1
minimum for the given set of constraints, simplify to
Hf =M -1)ImA-1-8P-M\ -1-0)A—a—~P—7C — A, (24)

SI‘=(/\11nA—1—5)13—(/\1—G)A—a—yﬁ—ré—aﬁ.

Proof
The proof follows in the same manner as in Theorem 2.1. Consider the Lagrangian

n n n
L (pi; M, 0, 3,7,0,0,7) = Zuipilnpi + (A — 1)2%‘]01‘ InA; +« (sz — 1)
i—1 i=1 i1

(Zuipl >+7<2pza P>+5<Zpllnal )

i=1

Applying the necessary conditions of efficiency, by a direct computation, we find
u; +u;np; +u; (A — D) InA; + a+ Bu; +vP; + d1na; + Ouylna; + 7¢; =0,
which, equlvalently written, is (23). Replacing the probability in (23) into the ”negative” Beli§ Guia§u entropy
Z u;p; Inp; and into the “negative” spatial Belis-Guiasu entropy S7 = Z Ui Ps ln , by a direct

i=1
computation, we obtain the “negative” measures of complexity in (24) and the proof i 1s complete

Further, let us consider the following notations:

Zpl Inp;, fa(p sz Inp; — sz In A;, (25)
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S. TREANTA 215
hl(p)ZZpZ——l, hz(P)ZZPz'Pi—ﬁ,
=1 i=1

ha(p) =Y pici—C, ha(p) =Y _pilna; — A.
i=1 i=1

As it can be verified, all of these functions are (p, 1)-quasiinvex at p°, for p < 0 and any vector function 6 = 6(p, p")
(see Definition 1.3), with respect to:

0 0 0 0
1 0 1 0 1 0 pilnps —pilnpy Pnnp, —py Inpy
= = cee 26
n (p7p ) (771(1%17 )a 777n(p7p )) ( 1+lnp(1) ’ 1+lnp2 ’ ( )
In 2 — 01 Py In 2~ — 01 o
D1 Ay p1n A Pn 111 An Dy 1 A,

2 0 2 0 2 0
0 (p,p°) = (mi(@,0"), -, (p,p")) =
(o n2:r) 142 1+1n 2

0" (p,p°) = (i (. 0°), - om0, 0%)) = (1 —pY, -+ son — D). T =3,4,5,6,

where 171 is the vector function associated with fi, 772 is the vector function associated with fs, 173 is the vector
function associated with A1, and so on.

The following result formulates some sufficient conditions of efficiency for our vector minimization problem
(VOP).
Theorem 2.3

Let p° = (pY), i = T, n, be any feasible solution to (VOP) and let there exist the scalars Ay, Az, @, 3,7, § with
A >0, Ao >0, A1 + Ay =1, satisfying

p)=exp[-1—a—(1=A)InA—BP —vyc; — (A +6 —1)Inay].
If at least one of the functions defined in (25) is strictly (p, b)-quasiinvex at p” with respect to 7 and 6, and
A1p1 + dapy + apt + B3 + o3 + 6pi > 0,

then p° is an efficient solution to (VOP).

Proof

First, we have to mention that the real numbers p}, i=1,2, and pi, k =1, 4, introduced in our theorem, have
the same siqgnificance as in Remark 1.4 of section 1.

As we have previously established, the functions given in (25) are (p, 1)-quasiinvex at p°, for p < 0 and any
vector function § = 6(p,p”), with respect to the vector functions 7 = 1(p, p°) formulated in (26), respectively.
As well, we notice that, if we consider p < 0 and 6 # 0, then we obtain strictly (p, 1)-quasiinvexity at p® with
respect to 1 and 6 for our functions in (25). Consequently, we have at least one function in (25) which is strictly
(p, b)-quasiinvex at p° with respect to 7 and 6.

Further, taking into account Theorem 1.2 and Remark 1.4 of section 1 (see conditions (iz7) and (7ii’)), the proof
is complete.

In a similar way, one can find a characterization result of sufficient conditions regarding the weighted bi-objective
optimization problem (VOP)*.
As it can be verified, all of the following functions

filp) =) wipilnps,  fa(p) =Y wpilnp; — Y up;In Ay, (27)
i=1 i=1 i=1

hi(p) = Zpi -1, ha(p) = Zuipi - P,
i=1 =1
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216 OPTIMIZATION ON THE DISTRIBUTION OF POPULATION DENSITIES
n n
ha(p) = piPi =P, ha(p) =Y pilna; -4,
i=1 i=1

hs(p) = Zuipi Ina; — A, he(p) = Zpici - C,
i=1 i=1

are (p, 1)-quasiinvex at p°, for p < 0 and any vector function § = (p, p°), with respect to

0 0 0 0

. 0 L 0 1 0 p1Inp; — pj Inpy pnInp, —py, Inpy
’ = ) y T ) = T ’ 28
n'(p,p°) = (ni(p,p°) (0 p°)) ( 1+ Inp? 1+Inp0 (28)

o 0

piln —pilng  palnfe —pulng

772(]7,]70) = (n%(p’po)v"' an(p’po)) = P9 PR P
1+1InZ- 1 +1In 3=

1 n

0" (p,0°) = (i (0, p")s - (%) = (pr =Y, spa —p0) . =138,

respectively. Also, if we consider p < 0 and 6 # 0, then we obtain strict (p, 1)-quasiinvexity at p° with respect to 7
and 6 for our functions in (27).

Theorem 2.4
Let p° = (p?), i = T, n, be any feasible solution to (VOP)* and let there exist the scalars A1, Ao, v, 3,7, 8, 6 and
7, with A1, A2 > 0, A\; + Ay = 1, satisfying

) =exp[—u; —ui (M —14+0)Ina; —u; (1 —X\)InA—a— Bu; —vP; — §na; — 7¢;] Jus.
If at least one of the functions defined in (27) is strictly (p, b)-quasiinvex at p° with respect to 1 and ¢, and
Aot + Aepy + apt + Bps +p3 + 6pi + 0p3 + 7pg > 0,
then p° is an efficient solution to (VOP)*.

Proof
The proof follows in the same manner as in Theorem 2.3.

Remark 2.2
i) If we consider A; = a;, i = 1,n, (see section 1) in the bi-objective minimization problem (VOP), then we

get
min ( E p; Inp;, E p; Inp; — A) (29)
Pi
i=1 i=1

subject to

n n n
Zpizl; Zpipizﬁ, ZP@Ci:67
i=1 i=1 i=1
n n
where we used the constraint Z pilna; = Z piln A; = A. Therefore, our constrained multi-objective
i=1 i=1
optimization problem (VO P) become a single-objective optimization problem because the two objective functions

differ by a constant.

ii) If we take A; = a;, i = 1, n, and remove the constraint Z p; Ina; = A in the minimization problem (VOP),

i=1
then we obtain

min (im Inpi, ipi Inp; — ipi In a1:> (30)
i=1 i=1 i=1
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S. TREANTA 217

subject to

n n n
Zpi:17 szpzzﬁa Zpici:€7
=1 =1 i=1

a freestanding constrained bi-objective minimization problem. By imposing the necessary conditions of efficiency,
we get
pi=exp[—1—a— P —vy¢ — (A — 1) Ina] (31)

= Kexp[-BP —vc¢; — (M — 1) Inay],

where K =exp[—1 — «] is a constant of proportionality which ensures that the probabilities sum is 1. The

associated “negative” measures of complexity H; = —H = Zpi Inp; and S; =-S5 = Zpt In 2% , which are
i=1
at a minimum for the given set of constraints, simplify to

H1:7170176?7’)/6*()\1*DZpilnaia (32)

Sl :717(17[3?7’}/67)\12])@111&1.

i=1

Also, let us notice that the assumption A; = a;, i = 1, n, ensures that the fraction % always remains subunitary.
1

iii) Let us consider the second objective function in (VOP), f. Zpl Inp; — Zpl In A;. Taking into

=1 =1
n

n
. — . a; . — .
account the constraints E pilna; = A, E p; = 1 and the relation A; = ZL’ i = 1,n (see section 1), we find
i=1 i=1

= Y pi lnp; — Y pilna; + Y p;ln A (33)
; i=1 i=1

= fi(p) — A+InA = fi(p) + const.,

that is, the two objective functions differ by a constant and (VOP) become a single-objective optimization
problem. Consequently, the general case is obtained when we consider A; = a;, ¢ = 1, n, and remove the constraint
n

Z pilna; = A in the minimization problem (VOP) (see ii)).

_iv) Similar remarks as above can be formulated for (VOP)*.

3. Conclusions

In the present work, using the classical multiobjective optimization theory, we have investigated a simultaneous
optimization of the information measures given in (7) and (8) and of the weighted measures of information given

by Belis-Guiasu entropy H* = Z u;p; In p; and spatial Belis-Guiasu entropy S™* = Z u;p; ln . However,

what is of more significant here i 1s the kind of distribution that we have obtained. Practically, we have derived an
approximation on the distribution of population densities and the arrangement of urban activities over a set of n
locations. For other different ideas but connected to this topic (information theory), the reader is directed to Wilson
[19], Preda [13], Anas [1], Halliwell and Mercer [8], Liese and Vajda [11], Srivastava [15].
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